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Abstract

We study the Ramsey numberR(Wm, Sn) for a starSn on n vertices and a wheelWm on m + 1
vertices. We show that the Ramsey numberR(Wm, Sn) = 3n − 2 for n = m, m + 1, andm + 2, where
m�7 and odd. In addition, we give the following lower bound forR(Wm, Sn) wherem is even:
R(Wm, Sn)�2n + 1 for all n�m�6.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

For two graphsG andH , theRamsey numberR(G, H) is the smallest positive integer
r such that for every graphF on r vertices,F containsG as a subgraph or the complement
of F containsH as a subgraph.

In this paper, we study the Ramsey numberR(Wm, Sn) of wheels versus stars. Awheel
Wm is the graph onm + 1 vertices obtained from a cycleCm on m vertices by adding one
vertexo, called thehubof the wheel, and makingo adjacent to all vertices ofCm, called
therim of the wheel. AstarSn is the graph onn vertices with one vertex of degreen − 1,
called thecenter, andn − 1 vertices of degree 1.

It was shown in[5] by Surahmat et al. thatR(Wm, Sn)=3n−2 forn�2m−4, wherem�5
and odd. It was also shown in[4] thatR(W4, Sn)=2n−1 if n�3 and odd,R(W4, Sn)=2n+1
if n�4 and even, andR(W5, Sn) = 3n − 2 for eachn�3. Baskoro et al. have also shown
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in [1] thatR(W4, Tn) = 2n − 1 for n�4 andR(W5, Tn) = 3n − 2 for n�3 for any treeTn

onn vertices that is not a star.
In this paper we prove thatR(Wm, Sn) = 3n − 2 for n = m, m + 1, andm + 2, where

m�7 and odd. In particular, this completes the calculation thatR(W7, Sn) = 3n − 2 for
eachn�7. In addition, we give the following lower bound:R(Wm, Sn)�2n + 1 for all
n�m�6 andm even.

2. Background

LetG be a graph with vertex setV (G) and edge setE(G). Forv ∈ V (G) andB ⊂ V (G),
defineNB(v)={y ∈ B : vy ∈ E(G)}. Define thedegree ofv with respect to Bto be|NB(v)|
and denote it byDB(v). If B consists of the entire vertex set of the graphG (i.e.B =V (G)),
we use the conventionaldG(v) instead ofDV (G)(v).

Let G denote the complement ofG, i.e. the graph obtained from the complete graph on
the vertices ofG by deleting the edges ofG.

Chvátal and Harary[2] established the following lower bound for Ramsey numbers:

R(G, H)�(X(G) − 1) · (c(H) − 1) + 1,

whereX(G) is the chromatic number ofG andc(H) is the number of vertices in the largest
connected component ofH .

Corollary 1. R(W2k+1, Sn)�3n − 2 for n�2k + 1.

The inequality follows directly from the Chvátal and Harary bound and the facts that
X(W2k+1) = 4 andc(Sn) = n.

Corollary 2. R(W2k, Sn)�2n − 1 for n�2k.

The inequality here follows directly from the Chvátal and Harary bound and the facts
thatX(W2k) = 3 andc(Sn) = n.

The following well-known theorem[3] is useful throughout the paper:

Dirac’s Theorem.Every graph withn�3 vertices and minimum degree at leastn/2has
a Hamiltonian cycle.

3. R(Wn, Sn) = 3n − 2 when n is odd

Theorem 3. R(W2k+1, S2k+1) = 6k + 1 for k�3.

Proof. Corollary 1 yieldsR(W2k+1, S2k+1)�3·(2k+1)−2=6k+1. Therefore, it suffices
to prove thatR(W2k+1, S2k+1)�6k + 1.
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