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a b s t r a c t

We focus our attention on well-covered graphs that are vertex decomposable. We show
that for many known families of these vertex decomposable graphs, the set of shed-
ding vertices forms a dominating set. We then construct three new infinite families of
well-covered graphs, none of which have this property. We use these results to provide
aminimal counterexample to a conjecture of Villarreal regarding Cohen–Macaulay graphs.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

In this paper we focus on well-covered graphs G that have the additional property of being vertex decomposable (see
Definition 2.1). A subset D of the vertex set V of G is a dominating set if every vertex x ∈ V \D is adjacent to a vertex of D. We
observe that for most of the known constructions of pure vertex decomposable graphs, the set of shedding vertices Shed(G)
is a dominating set. The next result summarizes some of our findings.

Theorem 1.1. Suppose that G is a pure vertex decomposable graph. If G is

(i) a bipartite graph, or
(ii) a chordal graph, or
(iii) a very well-covered graph, or
(iv) a vertex-transitive graph, or
(v) a Cameron–Walker graph, or
(vi) a clique-whiskered graph, or
(vii) a graph with girth at least five,

then Shed(G) is a dominating set.

In particular, (i) is Corollary 6.4, (ii) is Theorem 4.3, (iii) is Theorem 6.3, (iv) is Theorem 4.1, (v) is Corollary 5.2, (vi) is
Theorem 5.3, and (vii) Theorem 7.3.
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Fig. 1. Two well-covered graphs.

The fact that Shed(G) is a dominating set for all these known vertex decomposable graphs led us to question if this is
a feature of all pure vertex decomposable graphs. Pursuing that question eventually led us to develop three new infinite
families of (vertex decomposable) well-covered graphs. These infinite families fail to have the property that Shed(G) is
a dominating set and, as we show at the end of the paper, provide new counterexamples and insight to a conjecture of
Villarreal.

We outline the structure of this paper. Section 2 introduces the definition of pure vertex decomposable graphs and
Section 3 describes the set of shedding vertices with some introductory tools for identifying them. Section 4 develops our
results for the chordal and vertex-transitive pure vertex decomposable graphs. In Section 5,we consider two constructions of
pure vertex decomposable graphs, and show that any pure vertex decomposable graph G constructed via either construction
satisfies the property that Shed(G) is a dominating set. In Section 6, we consider all the very well-covered graphs that are
vertex decomposable. In Section 7, we focus on all pure vertex decomposable graphs with girth at least five. In Section 8, we
describe three infinite families of graphs where each graph G is pure vertex decomposable, but Shed(G) is not a dominating
set. In Section 9, we show how to take a graph Gwhich is pure vertex decomposable but Shed(G) is not a dominating set and
duplicate a vertex to construct a larger graph with the same properties. We conclude with Section 10, describing how our
results provide new counterexamples for a conjecture of Villarreal. Via a computer search, we find the smallest pure vertex
decomposable graph G for which Shed(G) is not a dominating set. As part of our computer search, we also show that the
set of pure vertex decomposable graphs is the same as the set of Cohen–Macaulay graphs for all the graphs on 10 vertices
or fewer. The facts that a minimal counterexample requires at least nine vertices and that the standard constructions, as
described in Theorem 1.1, do not provide any counterexamples, make the new constructions in Section 8 relevant for any
further analysis of the relationship between dominating sets and vertex decomposability.

2. Vertex decomposable graphs

LetG be a finite simple graphwith vertex set V = {x1, . . . , xn} and edge set E. Wemay sometimeswrite V (G), respectively
E(G), for V , respectively E, if wewish to highlight thatwe are discussing the vertices, respectively edges, ofG. A subsetW ⊆ V
is an independent set if no two vertices of W are adjacent. An independent set W is a maximal independent set if there is no
independent setU such thatW is a proper subset ofU . IfW ⊆ V is an independent set, then V \W is a a vertex cover. A vertex
cover C is aminimal vertex cover if V \C is a maximal independent set. A graph iswell-covered if all themaximal independent
sets have the same cardinality, or equivalently, if every minimal vertex cover has the same cardinality. For example, if Pn is
the path graph on n ≥ 2 vertices, then Pn is well-covered if and only if n = 2 or n = 4. The graphs in Fig. 1 are well-covered
graphs.

For any x ∈ V , let G \ x denote the graph G with the vertex x and incident edges removed. The collection of neighbours
of a vertex x ∈ V in G, is the set N(x) = {y | {x, y} ∈ E}. The closed neighbourhood of a vertex x is N[x] = N(x) ∪ {x}. We
sometimes write NG(x) or NG[x] to highlight which graph G we are considering. For S ⊆ V , we let G \ S denote the graph
obtained by removing all the vertices of S and their incident edges.

Definition 2.1. A graph G is pure vertex decomposable if G is well-covered and

(i) G consists of isolated vertices, or G is empty, or
(ii) there exists a vertex x ∈ V , called a shedding vertex, such that G \ x and G \ N[x] are pure vertex decomposable.

For example, the first graph, C4, in Fig. 1 is not pure vertex decomposable since the deletion on any vertex gives the
path P3 which is not well-covered and hence not pure vertex decomposable. The second graph G in Fig. 1 is pure vertex
decomposable: G \ u is the pure vertex decomposable graph P4 and G \ N[u] is an isolated vertex.

If G is pure vertex decomposable, then the set of shedding vertices is denoted by:

Shed(G) = {x ∈ V | G \ x and G \ N[x] are pure vertex decomposable}.

For example, Shed(G) = {u, w} for the pure vertex decomposable graph in Fig. 1.

Remark 2.2. The study of vertex decomposable graphs lies in the intersection of combinatorial algebraic topology and
combinatorial commutative algebra. In particular, Dochtermann–Engström [8] and Woodroofe [26] independently showed
that vertex decomposability of an independence complex is a useful tool for exploring algebraic properties of an edge ideal
of a graph. The independence complex of a graph G, denoted Ind(G), is the simplicial complex

Ind(G) = {W ⊆ V | W is an independent set}.
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