Available online at www.sciencedirect.com i
Journal of

sc-ENcE@D'"ECT” Combinatorial
Theory

Series A

ELSEVIER Journal of Combinatorial Theory, Series A 112 (2005) 194211
www.elsevier.com/locate/jcta

Valuations and hyperplanes of dual polar spaces

Bart De Bruyn, Pieter Vandecasteele
Department of Pure Mathematics and Computer Algebra, Ghent University, Galglaan 2, B-9000, Gent, Belgium
Received 4 January 2005

Communicated by Francis Buekenhout
Available online 29 March 2005

Abstract

Valuations were introduced in De Bruyn and Vandecasteele (Valuations of near polygons, preprint,
2004) as a very importanttool for classifying near polygons. In the present paper we study valuations of
dual polar spaces. We willintroduce the class of the SDPS-valuations and characterize these valuations.
We will show that a valuation of a finite thick dual polar space is the extension of an SDPS-valuation
if and only if no induced hex valuation is ovoidal or semi-classical. Each SDPS-valuation will also
give rise to a geometric hyperplane of the dual polar space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A near polygon [14] is a partial linear spaSe= (P, L, I), | € P x L, with the property
that for every poinp and every lineL there exists a unique point dnnearest tg. Here
distances d, -) are measured in the point graph or collinearity grighof S. If d denotes
the diameter of s, then the near polygon is callechaar2d-gon A near 0-gon is a point
and a near 2-gon is a line.

If X1 andX> are two nonempty set of points of a near polygon, thexid X,) denotes
the minimal distance between a pointXf and a point ofX». If X3 is a singleton{x1},
then we will also write dx1, X2) instead of d{x1}, X2). For everyi € N and for every
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nonempty seKX of points,I’;(X) denotes the set of all poingsfor which d(y, X) = i.
If Xis a singletor{x}, then we will also writd; (x) instead ofl"; ({x}).

A near 2i-gon,d > 2, is called egeneralizedd-gon[16] if |T;_1(x) N T'1(y)| = 1 for
everyi € {1,...,d — 1} and every two pointg andy at distancea from each other. The
generalized quadrangles [9] are precisely the near quadrangles. A generdlged &
calleddegeneratéf it does not contain an ordinary/2gon as subgeometry. A degenerate
generalized quadrangle consists of a number of lines through a point.

A subspac« of a near polygos = (P, L, |) is calledgeodetically closed every point
on a shortest path between two pointsXoélso belongs tX. SupposeX is geodetically
closed. LetCy denote the set of lines & which are completely contained kand put
Ix :=1N(X x Lx). Then(X, Lx, lx) is a (geodetically closed) sub near polygorSoA
nondegenerate geodetically closed sub near quadrangle of a near polygon is qalied a
Sufficient conditions for the existence of quads were given in Proposition 2.5 of [14].

If X1,..., Xy are nonempty sets of points, th€iiXy, ..., X;) denotes the smallest
geodetically closed sub near polygon throughu - -- U X, i.e. the intersection of all
geodetically closed sub near polygons throdghy- - -UXy. If one of these setsis a singleton
{x}, then we will often omit the braces and wrié - -, x, - - -) instead oC(- - -, {x},...).

A geodetically closed sub near polygéhof a dense near polygasiis calledclassical
in S if for every pointx of S, there exists a (hecessarily unique) paip(x) in F such that
d(x, y)=d(x, mr(x))+d(ng(x), y) for every pointy of F. We callrf theprojectionon F.

A near polygon is said to havarder (s, r) if every line is incident withy + 1 points and
if every point is incident with precisely+ 1 lines. A near 2-gon,n >2, is calledregular
if it has an ordef(s, t) and if there exist constants i € {0, ..., n}, such that for every
two pointsx andy at distance from each other, there are precisely 1 lines throughy
containing a (necessarily unique) point at distaned fromx. Obviouslyfp = —1,#11 =0
andy, = 1.

A near polygon is callediensef every line is incident with at least three points and if
every two points at distance 2 have at least two common neighboxesdiy are two points
of a dense near polygon at distancéom each other, then by Theorem 4 of [R]andy
are contained in a unique geodetically closed sub négioh (which necessarily coincides
with C(x, y)). These sub near polygons are calfekesf ¢ is equal to 3. Fob equal to 0,

1, respectively 2, we find the points, lines, respectively quads, @¥ith every dense near
2n-gon S, there is associated a rankgeometryA. The elements of type € {1, ..., n}
are the geodetically closed sub ne&r2 1)-gons ofS. The geometnA has the following
diagram:

points lines L quads L
If S is aregular near/2gon with parameters, t, ; (0<i <n) such thats >2 andrp>1,
then we can parametrize the diagram as follows:

points lines L quads L
. o - o o
s th t th1 th
/. ti—ti—q . ;o
Heres; := ———foreveryi € {2, ..., n}. Note thatr; = r2.
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