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Abstract

The method of graphical condensation for enumerating perfect matchings was found by Propp
(Theoret. Comput. Sci. 303 (2003) 267), and was generalized by Kuo (Theoret. Comput. Sci. 319
(2004) 29). In this paper, we obtain some more general results on graphical condensation than Kuo’s.
Our method is also different from Kuo’s. As applications of our results, we obtain a new proof of
Stanley’s multivariate version of the Aztec diamond theorem and we enumerate perfect matchings of
a type of molecular graph. Finally, a combinatorial identity on the number of plane partitions is also
given.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout this paper, we suppose that = (V(G), E(G)) is a simple graph with
the vertex seV (G) = {v1, va, ..., v,} and the edge sdi(G) = {e1, e2, ..., e}, if NOt
specified. A perfect matching @f is a set of independent edges®@fcovering all vertices
of G. We denote the set of perfect matchingstbby M(G) and the number of perfect
matchings ofG by M (G). If G is a weighted graph, the weight of a perfect matchingf
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G is defined to be the product of weights of edge®inWe also denote the sum of weights
of perfect matchings of; by M (G). Let A be a subset of the vertex sé{G). By G — A
we denote the induced subgraph®ty deleting all vertices i and the incident edges
from G.

Zeilberger15] gave a bijective proof of the Dodgson’s determinant-evaluation rule:
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Zeilberger’s proof involves superimposing a perfect matching of one bipartite graph onto
a perfect matching of another, and then partitioning that union into perfect matchings of
two other bipartite graphs. Ku@] called this procedure, for enumerating perfect match-
ings, “graphical condensation”. In terms of this idea, Pr¢pp] proved the following
result.

Proposition 1.1(Propp[11]). LetG = (U, V) be a plane bipartite graph in whicli/| =
|V]. Let verticesu, b, ¢, and d form a4-cycle face in Ga, ¢ € U, andb,d € V. Then

M(G)M(G —{a,b,c,d}) =M(G — {a, b}))M(G — {c,d})
+M(G —{a,d)M(G — {b, c}).

Kuo [8] generalized Propp’s above result as follows.

Proposition 1.2(Kuo[8]). LetG = (U, V) be a plane bipartite graph in whidi/| = |V|.
Let verticesu, b, ¢, and d appear in a cyclic order on a face of G

Q) Ifa,c € U andb,d € V, then

M(G)M(G —{a,b,c,d}) =M(G —{a, b)) M(G — {c,d})
+M(G —{a,d}))M(G — {b, c}).

(2) Ifa,b € U andc, d € V, then

MG —{a,d)M(G —{b,c}) =M(G)M(G —{a, b, c,d})
+M(G —{a, c})h)M(G — {b, d}).

In this paper, we use Ciucu’s matching factorization theoreft]ito prove some more
general results on graphical condensation for enumerating perfect matchings than Kuo's.
As applications of our results, we obtain a new proof of Stanley’s multivariate version
of the Aztec diamond theorem and we enumerate perfect matchings of a type of molec-
ular graph. Finally, a combinatorial identity on the number of plane partitions is also
given.
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