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Abstract

We give a condition for a pair of unknotting tunnels of a non-trivial tunnel number one link to give
a genus three Heegaard splitting of the link complement and show that every 2-bridge link has such
a pair of unknotting tunnels.
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1. Introduction

A compression body H is a 3-manifold obtained from a compact connected closed sur-
face S by attaching 2-handles t® x I on § x {1} and capping off any resulting 2-sphere
boundary components with 3-handl&sx {0} is denoted by, H anddH — 9, H is de-
noted byd_ H. A compression body{ is called ahandlebody if 6_H = .

If a compact 3-manifoldV is the union of two compression bodiég and H» along
their common “plus” boundary = 0, H1 = 9 H», we call the decompositiol = H; Ug
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H, aHeegaard splitting of M and S a Heegaard surface of M. The minimum number of
the genus of among all Heegaard splittings #f is called theHeegaard genus (or genus)
of M.

Supposef1 Ug Ho is a Heegaard splitting of a 3-manifold and« is a properly em-
bedded arc inH, parallel to an arc inS. That is, there is an embedded diskin H»
whose boundary is the union af and an arc i H>. Now add a neighborhood af
to H; and delete it fromH>. Once again the result is a Heegaard splitthifyUs Hy,
where the genus of eadt is one greater tha#/;. This process is called siabilization
of S.

Every compact 3-manifold can be triangulated and any two triangulations of a 3-mani-
fold are PL-equivalent [1,7]. It follows that every compact 3-manifold has a Heegaard
splitting and any two Heegaard splittings of a 3-manifold have a common stabilization. In
fact, there is no example of distinct Heegaard splittings of a same closed 3-manifold which
cannot be made isotopic by a single stabilization of one of the splittings, and sufficient
stabilizations of the other to ensure that the genus of the two surfaces is the same. This
makes the following conjecture very optimistic.

Conjecture 1.1[9]. Suppose Hy Us Hp and Hi Ug Hé are Heegaard splittings of the same
3-manifold of, genus g < g’ respectively. Then the splittings obtained by one stabilization
of § and g’ — g + 1 stabilizations of S are isotopic.

A tunnel system (or tunnels) of a knot or a linkK is a collection of disjoint embedded
arcsty, t2, ..., ty in S3with K N(J'_ 1t = J'_; 84 such thatd = $3 — N(K UJ"_1 1)
is agenus + 1 handlebody. (Her&/ (X) denotes a regular neighborhood¥d The tunnel
system gives rise to a Heegaard splitting of the exteridt of

S3— N(K)=H Uyy N(K U Ur,-) — N(K)
i=1

whereN (K) is contained in the interior aV (K U U?:lti)' The minimum of such num-
bern is called theunnel number of K. If the tunnel number oK is 1, the tunnel is called
anunknotting tunnel of K.

For a tunnel number one kndf, we consider two non-isotopic unknotting tunnels
11, t2 and corresponding Heegaard surfadgs S> of the exterior of K. Now suppose
H = S3— N(K Ut1Ut) is a genus three handlebody. This means $hat 9 H becomes
a Heegaard surface for the genus two handlebagfies N(K U ;) andS3 — N(K U ).
By [10], there is at most one Heegaard splitting of a handlebody of a given genus.
This implies S’ is a common stabilization of; and S, and shows a validity of Con-
jecture 1.1. There are examples of knots having this property—torus knots and 2-bridge
knots.

In this paper, we give a sufficient condition for tunnel number one links to have this
property and show that 2-bridge links satisfy this condition.
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