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Abstract

The solenoid was first introduced by Vietoris, motivated by questions from algebraic topology. It
later appeared in the study of dynamical systems. This paper discusses the history of solenoids and
settles an isomorphism problem.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The solenoid has an interesting history in geometry and dynamics.
It was first introduced by Vietoris in [9] as part of the construction of an example of a

continuum for which the fundamental group, in the sense of Vietoris, depends on the base
point. We remind here that in this paper Vietoris introduced a special type of homology,
cohomology, and fundamental groups for compact metric spaces. This construction was
generalized and modified by various authors, see [3] for an account of the history. The
resulting homology and cohomology groups are now named afterČech; the fundamental
groups have been forgotten. In the notation of our Section 3 Vietoris constructed in this
paper the solenoidΣ2. In the following, if we speak ofthesolenoid, we meanΣ2.
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Independently and around the same time Van Danzig made an extensive study of these
solenoids [2] as a class of spaces with very strong homogeneity properties without being
manifolds. This homogeneity is due to the fact that these spaces can be given the structure
of a topological group. In our notation, Van Danzig restricted himself in this publication
to the solenoidsΣn, for n ∈ N (in the notation of our Section 3). One of his results was a
topological classification of these spaces. The topological classification of the more general
solenoids, was completed by McCord [5] and simplified by Aarts and Fokkink [1].

In dynamics it first appeared as an example, due to Nemytskii, of the closure of an
almost periodic motion which is not quasiperiodic. This example can be found in [6, Chap-
ter V, Section 8] which is a translation of Russian publications in the period 1947–1952.
The relation between the group structure and the dynamical structure is the following. The
solenoid contains a dense subgroup which is isomorphic to the additive group of the re-
alsR (and, as a subspace, is an immersion ofR). If we identify the reals with this subgroup,
then the time evolution over an intervalt corresponds to the translationx �→ x + t . As far
as I know, it is not known which solenoids are conjugated to the closure of an orbit of a
smoothdynamical system. We recall that the closure of a quasiperiodic motion is not only
a topological group but even a torus group.

Later the solenoid was used by Williams, first as an example of a space on which an
‘unstable’ homeomorphism could be defined (this is what one calls nowadays an expansive
homeomorphism) in [10] and later as one of the first examples of a hyperbolic, chaotic, and
fractal attractor in [11]. We describe this example in detail in our Section 2.

It turns out that the dynamics inΣ2, introduced by Williams, can be easily described in
terms of the group structure. It is just multiplication by 2, i.e., the map sendingx to x + x.
In this paper we give a classification of those multiplications in general solenoids which
are conjugated to a hyperbolic attractor.

2. The solenoid as attractor of a diffeomorphism

We consider a solid torusT = S1 × D2 in dimension 3 and a diffeomorphism ofT to
a subset ofT such that in theS1 direction we have an expanding map of degree 2 and in
theD2 direction we have a (strong) contraction. Takings ∈ R mod 1 as a coordinate onS1

andx, y, with x2 + y2 � 1, as coordinates onD2, an example of such a map is given by:

ϕ(s, x, y) = (
2s mod 1, c1 cos(2πs) + c2x, c1 sin(2πs) + c2y

)
,

with 0 < c2 < c1 and c1 + c2 < 1. Thesolenoidis then defined asS = ⋂
i ϕ

i(T ). The
dynamics onS is given byϕ|S .

This diffeomorphism is (structurally) stablein the sense that if̃ϕ :T → T is C1 suf-
ficiently close toϕ, then there is a homeomorphismh :T → T such thathϕ = ϕ̃h. This
stability is a consequence of the fact thatϕ is hyperbolicin the sense that for eachq ∈ S

there is a splittingTq = Es(q) + Eu(q) of the 3-dimensional space of tangent vectors atq

such that, under repeated application ofϕ, vectors inEs(q), respectivelyEu(q), are ex-
ponentially contracted, respectively expanded; in fact the contracting vectors are tangent
to the discs{s} × D2. For the theory of hyperbolic dynamical systems and their structural
stability see, e.g., [8].
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