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Abstract

We study compactness for hereditary coreflective subconsXuatsSSET, the construct of affine
spaces over the two point seand with affine maps as morphisms, endowed with the Zariski closure
operatorz. We formulate necessary conditions for productivity;afompactness. Moreover, if i
arbitrary products of quotients are quotients, then our conditions are also sufficient. We apply the
results to some well-known subconstructsSSET, in particular we investigate situations in which
another sufficient condition for productivity of compactness, known as finite structure property for
products (FSPP), is not fulfilled by the Zariski closure.
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1. Introduction

An affine space&X over the two point sef = {0, 1} is a structured set, where the struc-
ture on the underlying seX is a collection of subsets of. The sets belonging to the
structure are called the “open” setsxfAn affine map fromX — Y is a functionf such
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that inverse images of open sets are open. An affine space can of course be equivalently
described by defining a collection of maps%danstead of giving a family of open subsets

of X. It was pointed out by Giuli in [10] that affine spaces and maps coincide with normal
Boolean Chu spaces and continuous maps, as introduced by Pratt for modelling concur-
rent computation [16]. More general settings have been considered Wigereplaced by

some arbitrary fixed set’ [8,11].

In this paper we will restrict ourselves to affine spageer which ¢ and X are open.

As in [10], the corresponding construct of affine spaces and affine maps as morphisms
is denoted bySSET. The spaces = (S, {#, X, {1}}) is called the Sierpinski affine space.
The constructSSET is well-fibered topological and it is endowed with the us(lM)
factorization structure, whet& is the class of epimorphisms and whet¢ is the class

of embeddings. On this category lives a natural closure operator, called the Zariski clo-
surez. ForM — X in M andx € X we putx € z(M) if and only if for everya and g,

affine maps tas, wheneverr and 8 coincide onM they also coincide irx. The Zariski
closure is the regular closure associated with the clagg-objects inSSET in the sense

of [15]. Moreover this closure operator is known to be hereditary. Well-known constructs
such asl' OP, the construct of topological spacesCir, the construct of closure spaces are
hereditary coreflective full subconstructs SBET. Such coreflective and hereditary sub-
constructs inherit the factorization structure as well as the Zariski closure operator from
SSET. A thorough investigation on categorical completeness (absolttellysedness) in

ToX, the class offp-objects for some hereditary and coreflective subconskaftSSET,

has been carried out by Giuli in [10] and we make frequent use of the results obtained
there. In [9] internal characterizations are givenfarompleteness ifigX.

In this paper we will be dealing with the categorical notion of compactness as developed
in [6] and applied to the Zariski closureon SSET and on some of its subconstructs. In par-
ticular we will investigate productivity of Zariski-compactness. For an arbitrary hereditary
coreflective subconstruat, we prove that productivity of-compactness iXX implies the
property that either alt-compact objects are indiscrete scompactness coincides with
z-completeness (i.e., absolutehclosedness) offi-objects ofX. Moreover we prove that,
when inX arbitrary products of quotients are quotients, our conditions are also sufficient.
We apply these results to some well-known subconstructs su€ieend TOP and to
some of their subconstructs, in particular to some constructs on which the Zariski closure
fails to satisfy the FSPP condition (the finite structure property for products) [6].

We thank the referee for the many valuable suggestions which improved the paper a
lot, in particular for questioning the setting that we originally considered for our main
Theorem 3.4.

2. Notationsand preliminary results
The Sierpinski spacs plays an important role iISSET, in particular it is an initially
dense object. AIs§SET has some other nice properties. The following preliminary result

about the interaction of products and quotientS8ET will be usefull for us.

Proposition 2.1. In SSET arbitrary products of quotients are quotients.
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