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Abstract

The main purpose of this paper is to give the selection theorems in BCO spaces which unify
and generalize some known results. Also, the relations between countable sets and selections are
discussed.
 2004 Published by Elsevier B.V.

MSC:54C65; 54C60

Keywords:Selections; L.s.c set-valued mappings; Countable sets; BCO spaces

1. Introduction

Let X andY be topological spaces, and 2Y stand for the family of non-empty subsets
of Y . We write

F(Y ) = {
S ∈ 2Y : S is closed

}
,

C(Y ) = {
S ∈ F(Y ): S is compact

}
,

K(Y ) = {
S ∈ F(Y ): F is finite

}
.
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For a metric space(Y, d), F(Y ) = {S ∈ 2Y : S is a complete subset ofY }.
A set-valued mappingΦ :X → 2Y is lower semi-continuous (upper semi-continuous)

or l.s.c. (u.s.c.), if the set

Φ−1(U) = {
x ∈ X: Φ(x) ∩ U �= ∅}

is open (respectively, closed) inX for every open (respectively, closed)U of X.
A functionf :X → Y is a continuous selection ofΦ if f is continuous andf (x) ∈ Φ(x)

for eachx ∈ X.
For l.s.c. mappings, Michael obtained the following theorems:

Theorem 1.1 [5]. LetX be a zero-dimensional paracompact space,(Y, d) a metric space,
and anl.s.c. mappingΦ :X →F(Y ), then there exists a continuous selection ofΦ.

Theorem 1.2 [6]. Let X be a paracompact space,(Y, d) a metric space, and anl.s.c.
mappingΦ :X → F(Y ), then there exists anl.s.c. mappingϕ :X → C(Y ) and anu.s.c.

mappingφ :X → C(Y ) such thatϕ ⊂ φ ⊂ Φ.

Theorem 1.3 [7]. LetX be a regular countable space,Y a first countable space, then every
l.s.c mappingΦ :X → 2Y has a continuous selection.

The basic methods to construct selections inTheorems 1.1 and 1.2 is to find a sequence
of functions to approxΦ, hence the metribility ofY is important. A natural question is
that the metric structure ofimage spaces is necessary or not? Motivated by Theorem 1.3,
the first author [9] found the key role of BCO inconstructing selections. Recently, Alleche
and Calbrix [1] also given some relations between BCO and selections. The purpose of
this paper is to strength these results, show that in many cases, BCO structures can replace
metric to construct selections, and give a direct proof of a selection theorem in BCO spaces.
Also, we prove that the countableness ofX is necessary in Theorem 1.3.

Let us recall the concept of BCO.
A baseB for a spaceX is called a base of countable order or BCO if for everyx ∈ X

and every strictly decreasing sequence(Bn) of elements ofB containingx, (Bn) is a base
of x. Wick and Worrel [8] obtained the following properties of BCO.

Lemma 1.4. Let B be a countable order base ofX, then there exists a sequence(Bn) of
bases ofX consisted of subsets ofB satisfying

∗ For eachx ∈ X, if x ∈ Bn ∈ Bn andBn+1 ⊆ Bn for everyn ∈ N , then(Bn) is a base
of x.

In [1], Alleche and Calbrix introduce the notion of monotonically completness on a
subset. We say that a baseB for a spaceX is monotonically complete on a subsetA of
X, if for every decreasing sequence(Bn) of elements ofB such thatBn ∩ A �= ∅ for every
n ∈ N , then

⋂
n∈N

	Bn �= ∅. If A = X, we call thatB is monotonically complete.B is
monotonically complete onF , if B is monotonically complete on every element ofF .

DefineFB(X) = {
F : F ∈ F(X),B is monotonically complete onF

}
.
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