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Abstract

For subspaceX andY of Q the notationX <; Y means thaX is homeomorphic to a subspace
of Y andX ~ Y meansX <, Y <j X. The resulting seP(Q)/~ of equivalence classéé = {¥ C
Q: Y ~ X} is partially-ordered by the relatiokl <;, Y if X <;, Y. It is shown thatP(Q), <) is
partially well-ordered in the sense that it lacks infinite anti-chains and infinite strictly descending
chains. A characterization @¢f?(Q), <j,) in terms of scattered subspaces®fvith finite Cantor—
Bendixson rank is given and several results relating Cantor—Bendixson rank to this embeddability
ordering are established. These results are obtained by studying a local homeomorphism invariant
(type for countable scattered metric spaces.
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1. Introduction

This paper contains a detailed study of thebeddability properties of countable metric
spaces. The only interesting case is when these spaces are scattered, and under the as-
sumption of local compactness the theoryjiste simple. The central technical theorem
presented here reduces thedatigation to studying countkbscattered metric spaces of
finite Cantor—-Bendixson rank. For these spaces, a thedgpesis developed which cap-
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tures the local embeddability properties of points. The main results then follow from some
simple set-theoretic lemmas.

The symbokp, X; denotes the topological sum éjtint union) of the spaces; (i € I)
and[[; X; is their product. The Greek lettess 8, 1 denote ordinal numbers (each is the
set of smaller ordinals)y is the first infinite ordinalw; is the first uncountable ordinal
andN = {1, 2, ...} denotes the countably infinite discrete space. Wedidsey) to denote
the distance from to y in a metric space, and we extend this as usual to défide B)
for subsetsA and B; D(A) := SUp yead(x,y) denotes the diameter of. The logical
symbolsa (and) andv (or) are used on occasion. Throughout the paper, let

Mo :={1/n: n e N}U {0},
My:={1/n+1/n’m: m,n e N} U{0},

2221 211
Iy '_< =2 -1 )ﬂ@ (neN).

That is, Mg is a convergent sequence (with its limit point; is a “convergent sequence”
of convergent sequences without their limit points, dpdr € N) is a sequence of pair-
wise completely separated open intervals so that far &ll0, only finitely many of these

intervals are not contained { — ¢, 1).

For a topological spac& and an ordinal number, the «th Cantor—Bendixson deriv-
ative (denotedx ) is defined inductively by lettingc© := x, X*+D .= (x e XP): x
is not isolated inX ™} for successor ordinals + 1, and X := ", _, X for limit
ordinalse. A pointx € X@ \ X@*+D will be calleda-isolated. Note that it/ is a neigh-
borhood of anx-isolated point in a spaceX thenx will also be anx-isolated point in the
spacel/ . FurthermoreX @ is a closed subspace &f# for all 8 < «.

A spaceX is scatteredf every non-empty subspace &f has an isolated point. Notice
that M1 is a countable scattered metric space that is not locally compact. It is perhaps
interesting to note that any non-locally compact countable metric space with precisely one
non-isolated point is homeomorphic 4;. It is not hard to see that iX is scattered and
countable, then there is a countable ordjpalich thaty #) = @. The smallest such ordinal
is denotedV (X) and is called the (Cantor-Bendixsaahk of X.

For topological spaceX andY, write X <; Y if X embeds homeomorphically i
(i.e., if X is homeomorphic to a subspace 16f. For any family of spacef’, the rela-
tion X ~ Y if and only if X <;, Y <;, X is an equivalence relation of. Let X denote
the equivalence class of under this equivalence relation. Ordering these equivalence
classes by making <, Y wheneverX <, Y for some (equiv. all)X € X, Y € ¥ makes
(K/~, <n) a partially-ordered set. The cake= P(R) has been investigated extensively
by McMaster, McCluskey, and Watson in [7] and [6], though no complete characterization
of (P(R)/~, <p) is presently known to the author. The c#Se- P(Q) is studied here.

The following classical result of Sierpinski is used throughout without further mention
(for a proof, see 6.2.A(d) of [1] or [8]).

Theorem 1. If X is a countable metric space without isolated points, theis homeomor-
phic to Q.
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