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Abstract

Lin raised the following open problem in 1995: Xfis a strongX *-space and every point of is
aGs-set of X, is X a strongX'-space? In this paper, this problem is answered. The main conclusion
is that if X is a strongX*-space and every point &f is aGs-set of X, thenX is a strongX'-space.

As a corollary, we have that B-space is a-space iff it is aX*-space with aGs-diagonal. Some
conditions that imply~*-property are discussed.
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Introduction

The properties of-spaces, strongr-spaces,X*-spaces and strong*-spaces have
been studied by many topologists. Ndet, us review these definitions. i is a cover of
a spaceX, then a covefP is called a(modX)-network for X if, wheneverK c U with
K € K andU open inX, thenK c P c U for someP € P. A spaceX is a X-space
(X*-space) if it has @ -locally finite (o -hereditarily closure-preserving) closéaodkC)-
network for some cove€ of X by countably compact sets. In the definitiongCifs a cover
of X by compact sets, thek is called strong¥-space (strong’*-space) (cf. [1-4]). We
know that a collection® = {P,: 1 € A} is hereditarily closure-preserving (abbreviated
HCP) if for any collection{B,: A € A} with B, C P, is closure-preserving.
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From these definitions we know that every strabgspace is a¥-space, and every
strong X *-space is aX*-space. In [2], Okugyama proved ¥ is a X*-space for which
every open set is af, -set, thenX is a X'-space. In [3], it is proved that eveff strong
X-space with aGs-diagonal is ar-space. Thus Lin raised the following problem in [4]
in 1995.

Problem [4]. If X is a strongX*-space and every point df is aGs-set of X, is X a
strongX'-space?

In this paper we give a positive answer to Lin's problem. This, together with Theo-
rem 3.29 of the paper [3] implies that a Hausdorff spiEds ac-space if and only if itis a
X *-space with a s-diagonal. We also discuss some conditions which in¥ptyproperty.

All spaces of the paper af-spaces, and all maps are continuous. Ndte the set of
all natural numbers.

1. Some conditionswhich imply X*-property

Lemma1.1[2]. X is a X¥-space iffX has a sequencgP,: n € N} of locally finite closed
covers ofX such that any sequen¢e,: n € N} with x,, € C(x, P,) for somex € X has a
cluster pointwhereC (x, P,) = ({P: x € P, P € P,}).

Lemma 1.2 [2]. If X is a X*-space, therX has a sequencgP,: n € N} of HCP closed
covers ofX, such that any sequen¢e,: n € N} with x,, € C(x, P,) for somex € X has a
cluster point.

Lemma 1.3 [8]. If P is a HCP family ofX, then{PrN P> N---NP,: PP, i <n}is
also a HCP family ofX, n € N.

For the sake of convenience, let us denote some items.

The condition (I):X has a sequendé,: n € N} of HCP closed covers of such that
any sequencer,: n € N} with x,, € C(x, P,) for somex € X has a cluster point.

If P=J{Pn: ne N}, P,is a family of subsets ok, n € N. Let us denoteD, =
{x: x € X, P, is not point finite atc}, G, = {x: x € X, |[{P: x € P, P € Py}l <},
Clx,Py)=(P:xeP, PeP,yandC(x,P)=({C(x,Pyn): n € N}.

One natural question is that whether the converse of Lemma 1.2 is true. Now let us
discuss some properties of spaces which satisfy the condition (. a X*-space,
let P = [ J{P,: n € N} be theo-HCP closed(modK)-network for some covek of X
by countably compact sets, théd, ¢ G = | J{G,,: m € N} for eachn € N, andD =
U{Dy: n € N} is ac-discrete subset of if and only if G = {G,,: m € N} is ac-discrete
subset ofX (cf. [7]). Now, let us show that these conclusions are also tri¥egétisfies the
condition (1).

Lemma 1.4. If X satisfies the conditiofl), then D, C G = | J{G,,: m € N} for each
neN.
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