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Abstract

Let F(X) be the free topological group on a Tychonoff spateFor all natural number we
denote byF;, (X) the subset o' (X) consisting of all words of reduced lengthn, and byi, the
natural mapping froniX & x1lg {e)" to F;,(X). We prove that for a metrizable spakef F,(X)
is ak-space for each, thenX is locally compact and either separable or discrete. Therefore, as a
corollary, we obtain that for a metrizable spaxef F, (X) is ak-space for allz € N, then so is
F(X). Furthermore, it is proved that for a metrizable spacthe following are equivalent: (i) the
mappingi, is a quotient mapping for each (ii) a subsetU of F(X) is open ifin_l(U N Fu(X)) is
openin(X ® X1 & {e})" for eachn; (i) X is locally compact separable or discrete.
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1. Introduction

Let F(X) and A(X) be respectively théree topological group and thefree Abelian
topological group on a Tychonoff spac& in the sense of Markov [7]. As an abstract
group, F(X) is free onX and it carries the finest group topology that induces the original
topology of X, in other words, every continuous map fromto an arbitrary topological
group lifts in a unique fashion to a continuous homomorphism frk). Similarly, as an
abstract groupA (X) is the free Abelian group o, having the finest group topology that
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induces the original topology of, so that every continuous map frokhto an arbitrary
Abelian topological group extends to a unique continuous homomorphismArGN.

For eachn € N, F,(X) stands for a subset df(X) formed by all words whose length
is less than or equal te. It is known thatX itself and eachF,(X) are closed inF(X).
The subspacd, (X) is defined similarly and each,, (X) is closed inA(X). Lete be the
identity of F(X) and 0 be that ofA (X). For eachn € N and an elementx, x2, ..., x;) of
(X ® X 1a{e))" wecallxixz- - - x, aform. In the Abelian casexi +xo + - - - + x,, is also
called aformfor (x1, x2, ..., x,) € (X ® — X & {0})". We remark that a form may contain
some reduced letter. Then the reduced formabh - - - x,, is a word of F(X) and that of
x1+x2+4---+x, isaword ofA(X). For each: € N we denote the natural mapping from
(X ® X~ 1@ {e})" onto F,,(X) by i, and we also use the same symhpln the Abelian
case, that isi,, means the natural mapping froff & —X & {0})" onto A, (X). Clearly
the mappind, is continuous for each € N.

The following problems have been studied by several mathematicians and described in
[10].

Problem 1. Characterize spacésfor which the mapping, is a quotient (closed;-closed,
R-quotient, etc.) mapping for all € N.

Problem 2. Find general conditions ok implying that F (X) (or F,(X) for eachn € N)
is ak-space.

Problem 1 was completely solved far= 2 by Pestov [8]. He proved thap is a
quotient mapping iffX is strongly collectionwise normal, i.e., if every neighborhood of
the diagonal inX? contains a uniform neighborhood of the diagonal. Furthermore, the
author [13] proved thak is a quotient mapping iffz is closed. The author also proved in
the same paper thatrfa metrizable spac¥ the mapping,, is closed for each € N iff X
is compact or discrete. They are true for Abelian case.

The author [12] obtained a characterizataf a metrizable space such that evaris a
quotient mapping for Abelian case. He proved that for a metrizable spaigefor Abelian
case is a quotient mapping for eacte N if and only if eitherX is locally compact and
the setd X of all nonisolated points irX is separable, o#f X is compact. As the author
mentioned in [12, Proposition 4.1], for a Didonné complete (and hence, metrizable)
spaceX, i, is a quotient mapping iffA,, (X) (F, (X)) is ak-space for each € N. So, the
above result is also an answer to Problem 2 for the free Abelian topological group on a
metrizable space.

The aim of this paper is to solve the above problems fontmeAbelian free topological
group on a metrizable space. As a consequence, we can know whethgreach X 1@
{eh" — F,(X) is a quotient mapping or not, and hence whether €gglx) is ak-space
or not for such familiar metric spacésas the real lin&, the spac€) of rational numbers,
R\ Q, J(x) (k > w) be the hedgehog space of spinsuch that each spine is a sequence
which converges to the center point or the topological §iynof « (> w) many convergent
sequences with their limits.

We first show that for a metrizable spa&eif i, for non-Abelian case is a quotient
mapping for eacl € N, thenX is locally compact separable or discrete. Then we shall
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