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Abstract

In this paper, we obtain a canonical central element vy for each semi-simple quasi-Hopf
algebra H over any field k and prove that vy is invariant under gauge transformations. We
show that if k is algebraically closed of characteristic zero then for any irreducible
representation of H which affords the character y, y(vy) takes only the values 0, 1 or —1,
moreover if H is a Hopf algebra or a twisted quantum double of a finite group then y(vy) is
the corresponding Frobenius—Schur indicator. We also prove an analog of a theorem of
Larson—Radford for split semi-simple quasi-Hopf algebras over any field k. Using this result,
we establish the relationship between the antipode S, the values of y(vy), and certain
associated bilinear forms when the underlying field k is algebraically closed of characteristic
Zero.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In the paper [20], Linchenko and Montgomery introduced and studied Frobenius—
Schur indicators for irreducible representations of a semi-simple Hopf algebra H
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over an algebraically closed field of characteristic p#2. If A is the unigue normalized
left integral of H, i.e. ¢(A) = 1, set

VZVH:ZA1A2. (11)
(1)

Here we have used Sweedler notation 4(A) :Z(A)/h@/lz, so that if m is
multiplication in H then v =moA4(A). Then v is a central element of H and the
Frobenius—Schur indicator v, of an irreducible H-module M with character y is
defined via

v, =2(v). (1.2)

In case H is a group algebra k[G], v= |G|7IZ(]eGg2 and v, = |G\7lzqecx(g2)
reduces to the original definition of Frobenius and Schur (cf. [6] or [27], for
example). Generalizing the famous result of Frobenius and Schur for group
algebras, Linchenko and Montgomery show that for general semi-simple H, v,
can take only the values 0, 1, or —1. Moreover v,#0 if, and only if, M~ M",
and in this case M admits a non-degenerate H-invariant bilinear form <-,-)
satisfying

Cu,v) =vyv,uy (1.3)
for u,ve M. Recall that {-,-) is H-invariant if
Z Cuyhyvy = e(h) {u,v) (1.4)

()

for he H and u,ve M.

In a recent paper [16] the authors showed how one may effectively compute
Frobenius—Schur indicators for a certain class of Hopf algebras. Their work
applies, in particular, to the case of the quantum double D(G) of a finite group G,
and it was shown [16] how the indicators for irreducible modules over D(G) may
be given in terms of purely group-theoretic invariants associated to G and
its subgroups. The algebra D(G) is of interest in orbifold conformal field theory
[23], indeed in this context there is a more general object, the twisted quantum
double D”(G), that arises naturally [7]. (Here, weZ*(G,C*) is a normalized
3-cocycle about which we shall have more to say below.) The present work
originated with a natural problem: understand Frobenius—Schur indicators for
twisted quantum doubles.

D®(G) is a semi-simple quasi-Hopf algebra (over C, say), but is generally not a
Hopf algebra. One of the difficulties this imposes is that the antipode S is not
necessarily involutive (something that is always true for semi-simple Hopf algebras
by a theorem of Larson and Radford [18]), whereas having S = id is fundamental
for the Linchenko—Montgomery approach and therefore for the calculations in [16].
If it happens that S? = id then Theorem 4.4 of [16] can be used to obtain indicators
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