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Résumé

On étudie numériquement les déformations d’'une membrane élastique non linéaire. On considére le modéle de membran
obtenu par Le Dret et Raoult par la méthode/tleonvergence. Les déformations de la membrane minimisent une énergie non
guadratique. On effectue une approximation du modeéle par éléments finis conformes et on utilise un algorithme de gradient
conjugué non linéaire pour minimiser I'énergie discrétig®er citer cet article: N. Kerdid et al., C. R. Acad. Sci. Paris, Ser. |
340 (2005).
0 2004 Académie des sciences. Publié par Elsevier SAS. Tous droits réservés.
Abstract

Numerical approximation for a nonlinear membrane problem. We study numerically the deformations of a nonlinearly
elastic membrane. We consider the nonlinear membrane model obtained by Le Dret and Raoultcsivgrgence. In this
model, membrane deformations minimize a highly nonquadratic energy. We consider a conforming finite element approximation
of the problem and use a nonlinear conjugate gradient algorithm to minimize the discrete €oertpthisarticle: N. Kerdid
etal.,, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Publié par Elsevier SAS. Tous droits réservés.
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Abridged English version
The continuous problem

We consider a nonlinearly elastic membrane with midsuréaagherew is an open, bounded subsetR®? with
Lipschitz boundary.

We assume that the membrane is made of a bulk material that is homogeneous and hyperelastic, with store
energy functionW : M3 — R where M3 is the space of real & 3 matrices. The functioiV is assumed to be
continuous and coercive. L&{3 » be the space of real:3 2 matrices. Ifz,, @ = 1, 2, are two vectors ifR3, we
note (z1]z2) the 3x 2 matrix whose columns arg,. For all F = (z1|z2) € M3 andz € R3, we note(F|z) the
3 x 3 matrix whose first two columns arg and third column ig.

We define a functio®Vp: M3 2 — R by Wo((z1]z2)) = inf_gs W((z1]z2/2)), see [3]. The functionip is contin-
uous and coercive. We denote By its quasiconvex envelope. We introduce the space of admissible membrane
displacements,

Dy ={y € WHP(0; R%); ¥ (x1,x2) = (x1, %2,0)" ondw}. (1)
We define the nonlinear membrane energy fot/a# @, by
s =2 [ QWo(v) dudiz~ [ 7o v iz .

where f denotes a given force resultant density.

In [3], Le Dret and Raoult computed thé-limit of the three-dimensional energy when the thickness of the
membrane goes to zero, thereby showing that the deformations that minimize the energy of the three-dimensiona
problem converge, in an appropriate sense, toward solutions of the following two-dimensional minimization prob-
lem: Find¢ € @) such that

= inf .
J(9) WlenquJ(w) (3

The energy densit@ Wy is quasiconvex and existence of a solution to problem (3) is guaranteed under reasonable
technical assumptions, see [3].

In the case of a Saint Venant—Kirchhoff material, the limit membrane stored energy function can be computed
explicitly (see [3]) as function of the right singular values< v2 of F € M3, It turns out to be equal to the
convex envelope of the functidifp in this particular case. The goal of this Note is to present a numerical method
to approximate the solutions of the minimization problem.

The discrete problem

Let 7;, be a regular affine family of triangulations covering the (polygonal) dorsaiwe discretize the three
Cartesian components of the deformation ugtadinite elements. The discreteasge of admissible displacements
is given by
@ = {¥n € CO%w; R3), Yy (x1, x2) = (x1,x2,0)T 0ndw, Y, € (P13 VK €14} (4)
Clearly, @,’(4 C @y, and the approximation is conforming.
To numerically minimizeJ over ®” , we use the nonlinear conjugate gradient method. We choose the Polak
and Ribiére [5] variant thereof, which gives good results.

We proceed as follows to comput&/. Let (1) j—1, ... N, be the components af;, in the shape function basis
(©))j=1,...n,- We have:

37 QW
W(Tﬂh)=/ O (wg: vo, dmdxz—/f-@j dr1 dz. (5)
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