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Abstract

In this paper we prove a large deviations principle for the invariant measures of a class of reaction–diffusion systems in
bounded domains ofRd , d � 1, perturbed by a noise of multiplicative type. We consider reaction terms which are not Lipschitz-
continuous and diffusion coefficients in front of the noise which are not bounded and may be degenerate. This covers for example
the case of Ginzburg–Landau systems with unbounded and possibly degenerate multiplicative noise.
 2004 Elsevier SAS. All rights reserved.

Résumé

Dans cet article on prouve un principe de grandes déviations pour les mesures invariantes de systèmes de réaction–diffusion
stochastiques dans des domaines bornés deR

d , d � 1, perturbés par un bruit multiplicatif. On considère des termes de réaction
qui ne sont pas lipschitziens et des coefficients de diffusion quine sont pas bornés et peuvent être dégénérés. Ceci s’applique
par exemple au cas de systèmes de Ginzburg–Landau avec bruit multiplicatif non borné et éventuellement dégénéré.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

In this paper we are dealing with the long-term behavior of the stochastic reaction–diffusion system


∂ui

∂t
(t, ξ) =Aiui (t, ξ) + fi(ξ, u1(t, ξ), . . . , ur (t, ξ))

+ ε
∑r

j=1 gij (ξ, u1(t, ξ), . . . , ur (t, ξ))Qj
∂wj

∂t
(t, ξ), t � 0, ξ ∈ O,

ui(0, ξ) = xi(ξ), ξ ∈O, Biui(t, ξ) = 0, t � 0, ξ ∈ ∂O, 1� i � r,

(1.1)

with ε > 0. HereO is a bounded open set ofR
d , with d � 1, having aC∞ boundary. For eachi = 1, . . . , r

Ai (ξ,D) =
d∑

h,k=1

∂

∂ξh

(
ai
hk(ξ)

∂

∂ξk

)
− αi, ξ ∈O. (1.2)

The constantsαi are strictly positive, the coefficientsai
hk are taken inC∞(O) and the matricesai(ξ) := [ai

hk(ξ)]hk

are non-negative and symmetric, for eachξ ∈ O, and fulfill a uniform ellipticity condition, that is

inf
ξ∈O

〈ai(ξ)h,h〉 � λi |h|2, h ∈ R
d,

for some positive constantsλi . Finally, the operatorsBi act on∂O and are assumed either of Dirichlet or of
co-normal type.

The mappingf := (f1, . . . , fr ) :O×R
r → R

r is only locally Lipschitz-continuous and has polynomial growth.
The mappingg := [gij ] :O × R

r → L(Rr ) is Lipschitz-continuous, without any assumption of boundedness and
non-degeneracy.

The linear operatorsQj are bounded onL2(O) and may be taken to be equal to the identity operator in case
of space dimensiond = 1. The noisy perturbations∂wj/∂t are independent cylindrical Wiener processes on a
stochastic basis(Ω,F ,Ft ,P).

For example, in the case of space dimensiond = 1 andr = 2, we can deal with systems of the following type


∂u1
∂t

= ∂
∂ξ

(
a1

∂u1
∂ξ

) − α1u1 − c1u
2k+1
1 + f1(u1, u2) + 〈

g1(u1, u2),
∂w
∂t

〉
,

∂u2
∂t

= ∂
∂ξ

(
a2

∂u2
∂ξ

) − α2u2 − c2u
2k+1
2 + f2(u1, u2) + 〈

g2(u1, u2),
∂w
∂t

〉
,

ui(0, ξ) = xi(ξ), ξ ∈O, ui(t, ξ) = ηiui(t, ξ) + (1− ηi)
∂ui

∂ξ
(t, ξ), ξ ∈ ∂O,

whereai are positive functions inC1(�O), ηi ∈ {0,1}, αi andci are positive constants (in factαi can be taken zero in
the case of Dirichlet boundary conditions, that is ifηi = 1), f = (f1, f2) :R2 → R

2 is aC1 function having linear
growth, withf (0) = 0 andDf (0) diagonal, andg = (g1, g2) :R2 → L(R2) is any Lipschitz continuous function
such thatg(0) either vanishes or is diagonal invertible and such that∥∥g(σ)

∥∥
L(R2)

� c
(
1+ |σ |γ )

, σ ∈ R
2,

with

2k + 1 > (1+ 6γ ) ∨ 2.

In particular, ifg is bounded in the reaction term we can take any power 2k + 1 � 3.

In [2] it is proved that for anyε > 0 and p � 1 system (1.1) admits a unique global solutionux
ε ∈

Lp(Ω;C([0, T ];E)), whereE is the space of continuous functions onO with values inR
r , and for each ini-

tial datumx ∈ E anda > 0 the family of probability measures{L(ux
ε (t)}t�a is tight in (E,B(E)). In particular,
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