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Strongly stable networks
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Abstract

We analyze the formation of networks among individuals. In particular, we examine the existence
of networks that are stable against changes in links by any coalition of individuals. We show that to
investigate the existence of such strongly stable networks one can restrict focus on a component-wise
egalitarian allocation of value. We show that when such strongly stable networks exist they coincide
with the set of efficient networks (those maximizing the total productive value). We show that the
existence of strongly stable networks is equivalent to core existence in a derived cooperative game
and use that result to characterize the class of value functions for which there exist strongly stable
networks via a “top convexity” condition on the value function on networks. We also consider a
variation on strong stability where players can make side payments, and examine situations where
value functions may be non-anonymous—depending on player labels.
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1. Introduction

The importance of networks in a variety of social and economic settings is well-
documented. Applications range from social networks such as friendships to more directly
economically motivated ones such as trading alliances, decentralized market relationships,
research partnerships, etc. Given that network relationships matter, it is important to un-
derstand which networks are likely to form and how this depends on the structure of the
setting. In particular, there has been a good deal of recent research into understanding how
networks form among a group of individuals (people, firms, etc.) who have the discretion
to choose with whom they interact.1

In this paper, we continue that line of research through a careful study of the exis-
tence and properties of strongly stable networks: those networks which are stable against
changes in links by any coalition of individuals. Strongly stable networks are those which
are supported by strong Nash equilibria of an appropriate game of network formation.

There are many reasons for studying a strong notion of stability based on coalitional
considerations. In network formation, individual or pairwise based solution concepts such
as Nash equilibrium and pairwise stability (see Jackson and Wolinsky, 1996) often lead to
many stable networks, so that they provide broad predictions. In some contexts this already
narrows things, but in other contexts it may leave us with a large set of networks. Moreover,
these networks may have very different properties and then additional considerations may
help us to sort among them to produce narrower and more accurate predictions of network
formation. (See Examples 1 and 2, in Section 2.1, for illustrations.) In addition, in many
contexts, there will naturally be communication among individuals that may allow a num-
ber of them to coordinate their choices of links. As such, we study strongly stable networks
as a natural way for making tighter predictions using coalitional considerations. One can
think of a notion such as pairwise stability as a weak stability concept which is essentially
a necessary (and some times too weak) condition for stability, while strong stability is a
sufficient (and some times too strong) condition for stability.

Strong stability of networks is a very demanding property, as it means that no set of
players could benefit through any rearranging of the links that they are involved with (in-
cluding those linking them to players outside the coalition). As such, we expect there to
be contexts where such networks will not exist. However, strongly stable networks still
exist in a number of natural settings, including some that pop up in the literature as ex-
amples of network situations. In situations where strongly stable networks exist they are
quite compelling, in the sense that once formed such networks are essentially impossible
to destabilize, as there is no possible reorganization that would be improving for all of the
players whose consent is needed.

Another reason for examining the existence of strongly stable networks, beyond their
compelling stability properties, is that such networks exhibit additional properties. For in-
stance, as we shall show, if a network is strongly stable and has more than one component,
then value must be allocated equally among members of each component, and in fact the
per capita value must be equal across components. This is a very strong equity property.

1 For bibliographies on network study generally and network formation in particular, we refer the reader to
Slikker and van den Nouweland (2001a), Dutta and Jackson (2003), and Jackson (2004).
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