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Abstract

We consider the problem of the fair allocation of indivisible goods and money with non-quasi-linear 
preferences. The purpose of the present study is to examine strategic manipulation under envy-free solu-
tions. We show that under a certain domain-richness condition, each individual obtains the welfare level 
of his “optimal” envy-free allocation by maximally manipulating the solutions. This maximal manipulation 
theorem is helpful in analyzing the set of Nash equilibrium allocations in the direct revelation games as-
sociated with a given envy-free solution: if an envy-free solution satisfies a mild condition, the set of Nash 
equilibrium allocations in its associated direct revelation game coincides with that of envy-free allocations.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

We consider the problem of the fair allocation of indivisible goods, or “objects,” among a 
group of individuals when monetary transfers are allowed. We assume that each individual re-
ceives one and only one object and that the budget is balanced. Consider, for example, the 
following situation: when a group of friends rents a house, they must determine the room as-
signments and fairly divide the rent.1 An “allocation” consists of an assignment of objects and a 
distribution of money.

One of the fundamental requirements for fairness in this problem is envy-freeness, which 
states that each individual prefers his own consumption bundle over that of any other individ-
ual. A number of studies have focused on envy-freeness because it has desirable properties: the 
existence of envy-free allocations is guaranteed under certain assumptions, and each envy-free al-
location is efficient (Svensson, 1983; Alkan et al., 1991). On the other hand, it is well known that 
envy-freeness is incompatible with strategy-proofness (Alkan et al., 1991; Tadenuma and Thom-
son, 1995). This negative result, however, only means that at some preference profiles, telling the 
truth is not optimal for everyone; thus, we do not know what each individual can achieve through 
the manipulation of envy-free solutions.2

The purpose of our study is to identify the welfare that each individual can achieve by manip-
ulating an envy-free solution. An allocation is defined as i-optimal envy-free if it is an envy-free
allocation that is the most preferred by individual i among all envy-free allocations. We establish 
that given a preference profile, individual i can, through the optimal manipulation of a given 
envy-free solution, obtain a welfare level that is equivalent to that of the i-optimal envy-free allo-
cation at that preference profile. This “maximal manipulation theorem” holds for every envy-free
solution. That is, no matter which envy-free solution is employed, each individual can obtain the 
same level of welfare through his optimal manipulation. Moreover, our maximal manipulation 
theorem does not depend on quasi-linearity of preferences. To clarify this point, we introduce 
a domain-richness condition that allows individuals to have non-quasi-linear preferences. Our 
maximal manipulation theorem holds true whenever the preference domain is rich.

The maximal manipulation theorem helps us analyze the set of Nash equilibrium allocations 
in the direct revelation game associated with all envy-free solutions. By invoking this theorem, 
we show that for each preference profile, each Nash equilibrium allocation is envy-free, and, con-
versely, under a mild condition for solutions, called extended non-discrimination, each envy-free
allocation is a Nash equilibrium allocation. That is, if an envy-free solution satisfies extended 
non-discrimination, then for each preference profile, the set of Nash equilibrium allocations in 
the associated direct revelation game coincides with the set of envy-free allocations at that profile. 
Furthermore, it turns out that on important preference domains, extended non-discrimination is 
necessary and sufficient for the coincidence between the set of Nash equilibrium allocations in 
the direct revelation game associated with envy-free solutions and the set of envy-free allocations.

The remainder of the present paper is organized as follows. We discuss related literature in 
the next section. Section 3 describes the model and introduces envy-freeness and i-optimal envy-
freeness. We present the maximal manipulation theorem in Section 4. In Section 5, we apply the 
maximal manipulation theorem to examine equilibrium allocations in the manipulation games. 
We conclude in Section 6. A number of proofs are presented in Appendix A.

1 This problem is referred to as the “room assignment-rent division problem” (e.g., Abdulkadiroğlu et al., 2004).
2 An envy-free solution is a function that associates an envy-free allocation with each preference profile.
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