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Abstract

Call a perfect information (PI) game simple if each player moves just once. Call a player rational if he
never takes an action while believing, with probability 1, that a different action would yield him a higher
payoff. Using syntactic logic, we show that an outcome of a simple PI game is consistent with common
strong belief of rationality iff it is a backward induction outcome. The result also applies to general PI
games in which a player’s agents act independently, rendering forward inferences invalid.
© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

The backward induction (BI) algorithm for perfect information (PI) games is based on the
following reasoning: The last player, who must choose between outcomes of the game, chooses
an action that maximizes his payoff; taking this as given, the previous player maximizes his
payoff; and so on, until the beginning of the game is reached.

Though on its face convincing enough, this reasoning has for the past quarter century been
discussed, scrutinized, analyzed intensely, and even rejected. Our goal here is to clarify the as-
sumptions on the players’ knowledge and rationality on which it rests.

Two preliminary observations: First, the above reasoning, and indeed the BI algorithm, is
unchanged if each player i is split into several independent “agents,” one for each of i’s decision
nodes, each with the same payoff as i. So’ we restrict attention to simple PI games—those in
which each player moves at just one node. Call a player rational if he has no action that he
believes (with probability 1) yields him a higher payoff than the action he took.

Second, for the reasoning to work, more than just rationality is needed; roughly, the players
must also ascribe rationality to each other. More precisely, we may take the players’ rational-
ity (r) to be common knowledge (ck); i.e., all players know that all are rational, all know that all
know it, all know rhat, and so on. This implies that players at preterminal nodes’® choose ratio-
nally; knowing that, players at prepreterminal* nodes choose rationally—i.e., the BI action; and
so on. Formally, that ckr entails BI follows from a theorem of Aumann (1995).

Aumann’s work was criticized because ckr involves a conceptual conundrum. A player i on
the BI path must either continue on the BI path or go off. If he goes off, the player j who is
reached is unreachable under ckr; and j knows this, as commonly known propositions are a
fortiori known by all players. Since j bases his choice on what he thinks subsequent players
will do, and his “knowledge” has been contradicted, it is not clear what he () will do. But i
must base his choice on what ke thinks j will do, so it is not clear what i should do, either.
Specifically, it is not clear that the BI action is indeed rational for i—that he could not do better
by leaving the BI path.

To avoid grappling with this conundrum,” we replace “knowledge” by “strong belief”, where
a player strongly believes a proposition p if he believes it unless it is logically inconsistent with
his node being reached. Common strong belief of p signifies that p holds, all players strongly
believe p, all strongly believe the foregoing, all strongly believe the foregoing, and so on. We
then have our

Main Theorem. An outcome of a simple PI game is consistent with common strong belief of
rationality (csbr) iff it is a BI outcome.

With csbr, the conundrum disappears. As before, suppose a player i on the BI path considers
going off, say to j. When ckr obtains, j knows that he cannot be reached, as he knows ckr; so
if he is reached, then his knowledge is contradicted, and we get the conundrum. Also when csbr
obtains, j cannot be reached, by our theorem. But j does not know that he cannot be reached,

2 Please see Section 9.1 for an explanation of this point.

3 Those all of whose sons are outcomes.

4 Those all of whose sons are terminal or preterminal.

5 As have Binmore (1996) and Aumann (1996), inter alia.



Download English Version:

https://daneshyari.com/en/article/956847

Download Persian Version:

https://daneshyari.com/article/956847

Daneshyari.com


https://daneshyari.com/en/article/956847
https://daneshyari.com/article/956847
https://daneshyari.com

