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a b s t r a c t

This article proposes an equilibriumapproach to lotterymarkets inwhich a firmdesigns an optimal lottery
to rank-dependent expected utility (RDU) consumers. We show that a finite number of prizes cannot be
optimal, unless implausible utility and probability weighting functions are assumed. We then investigate
the conditions underwhich a probability density function can be optimal.With standard RDUpreferences,
this implies a discrete probability on the ticket price, and a continuous probability on prizes afterwards.
Under some preferences consistent with experimental literature, the optimal lottery follows a power-law
distribution, with a plausibly extremely high degree of prize skewness.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The popularity of commercial lotteries offering big prizes with
small probabilities reveals a demand for positively skewed lotter-
ies. Skewness preferences arise if gamblers overweight the upper
tail of probability distributions. They are commonly modeled by
rank-dependent expected utility (Quiggin, 1982), a leading theory
of choice under risk, in which agents transform cumulative proba-
bilities.

This explanation provides an intuitive account of lottery de-
mand but falls short as a comprehensive description of lotterymar-
kets as the supply side of lotteries is generally not considered. In
particular, it remains unclear which exact form should take a lot-
tery (minimal prize, number of tickets, degree of skewness, etc.)
compatiblewith operatorsmaximizing their profit. An equilibrium
approach to lottery market is also a first necessary step towards
more applied or regulatory issues like tax efficiency and dead-
weight loss of lottery games, consequences of legal monopolies,
existence of scale economies, price and income elasticities of de-
mand, optimal prize structure, to name a few (see Grote andMath-
eson, 2011 for a recent survey on those issues).
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This article aims at filling part of the gap by investigating two re-
lated issues:which preference patterns are compatiblewith profit-
maximizing lotteries endowed with multiple prizes and which
form take optimal lotteries when consumers are characterized by
realistic Rank-Dependent Expected Utility (RDU) preferences? By
allowing the lottery operator to freely choose prize values, their
probability, and thenumber of prizes,we show that a finite number
of prizes would require both the utility and the weighting function
to turn concave then convex or vice-versa each time a new prize
is added to the lottery. In a two-payoff lottery, the utility function
has a concave–convex–concave shape as in Friedman and Savage
(1948) who study the expected utility case. With more than two
payoffs, the more realistic case, the number of alternations of the
curvature of the two functions becomes implausible.

However, and this is the second part of our paper, RDU pref-
erences naturally fit with continuous probability distributions. In
particular, if the utility function is concave, and theweighting func-
tion has an inverse-S shape, as the empirical literature suggests,
there will be a mass of probability on the worst outcome (paying
the ticket price), and the probability distribution will be contin-
uous afterwards. A fundamental characteristic of lottery games is
also their very high degree of positive skewness with extremely
large jackpots offered with close-to-zero probabilities. We show
that prizes over the continuous part of the distribution optimally
follow a power-law distribution when realistic functionals for the
utility and the weighting functions are chosen. We illustrate our
result with a calibration exercise which uses prize data from Eu-
romillions, a Europe-wide lottery game. We document a very high
degree of skewness and show its consistency with reasonably cal-
ibrated RDU preferences.
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Our approach is in the spirit of Friedman and Savage (1948)
who rationalize the demand for lottery tickets in the expected util-
ity (EU) framework. Assuming an increasing marginal utility for a
broad range of wealth provides a rationale for two-outcome lotter-
ies, but accounts for very limited patterns of gambling. Markowitz
(2010) shows that EU is unable to explain the existence of optimal
lotterieswithmore than twopayoffs.We extendhis negative result
in the more general RDU framework with an arbitrary – yet dis-
crete – number of prizes. Quiggin (1991) also studies the optimal
shape of a lottery in RDU and shows the possibility of lotteries with
multiple prizes. His argument is however developed in a simpli-
fied setup with an exogenous number of equally probable tickets.
Once the number of prizes and their probability are made endoge-
nous, we show that a lottery operator has always the incentives to
add new prizes between existing ones, provided implausible pref-
erence patterns are excluded. Hence the only equilibrium outcome
is a continuous prize distribution. Barberis (2012) uses cumulative
prospect theory, a variant of RDU, to explain the demand for casino
gambling in an intertemporal setup. He does not endogenize the
prize structure.

Our results are also related to the burgeoning literature which
shows evidence or examine implications of a demand for skew.
Garrett and Sobel (1999) and Astebro et al. (2011) show evidence
that consumers favor skewness rather than risk in lottery games.
Asterbro et al. experimentally explain skewness preferences by
small probabilities overweighting (inverse S-shaped weighting
function) rather than risk loving (convex utility function). Snow-
berg and Wolfers (2010) investigate the favorite-longshot bias in
horse races betting and reach similar conclusions. Barberis (2013)
mentions several articles in which RDU models explain a demand
for skewness. In financialmarkets Barberis andHuang (2008) show
that probability weighting may explain why positively skewed
securities are overpriced at equilibrium. We contribute to this lit-
erature by showing that probability weighting is a better can-
didate than risk loving to explain multiple-prize lotteries. The
optimal degree of skewness is the result of two opposite psy-
chological factors. On the one hand, a concave utility function
makes more costly the spread of prize payouts and the inclusion of
extreme payoffs. On the other hand a convex weighting function
for cumulative probabilities close to one leads consumers to over-
weight small probabilities associated with extreme prizes, which
strengthens the demand for skew.We also link probability weight-
ing with a demand for power-law distributions which have at-
tracted much attention (see e.g. Gabaix, 2011).

Last, our setting is broadly connected to the literature which
studies risk sharing between non-expected-utility consumers.
Chateauneuf et al. (2000) examine risk sharing arrangement be-
tween risk-averse Choquet expected utility agents in special cases.
Dana and Carlier (2008) extend the analysis to a broad class of non-
expected utility models. Bernard et al. (forthcoming) analyze the
optimal insurance contract problem between a risk neutral agent
and a RDU agent with an inverse S-shaped probability weighting
function. A fundamental difference between those articles and the
present one is that consumption risk does not preexist in our en-
vironment. To fulfill the demand for risk taking by RDU agents, the
lottery operator makes monetary transfers contingent to a ‘‘ran-
domization device’’. In real world, this could be a rotating ball cage
or scratch cards.

The presentation is organized as follows. Section 2 studies to
what extent RDU preferences may explain the existence of opti-
mal lotteries endowed with a discrete number of prizes. Section 3
reverses the perspective and analyzes the properties of optimal lot-
teries under realistic RDU preferences. The last section concludes.

2. Optimal discrete lotteries

We analyze in this section which type of preferences is consis-
tent with profit-maximizing firms offering lotteries with a finite

number of payoffs (or discrete lotteries for short). The possibility
of continuous lotteries is considered in the next section.

2.1. The model

A lottery consists of n payoffs (xi)i=1,...,n, and n + 1 cumulative
probabilities (πi)i=0,1,...,n. Payoffs belong to an interval I (which can
be the set of real numbers R, or bounded above or below, with
closed or open ends).πi is the probability that the consumer gets xi
or less (with π0 = 0 and πn = 1). In a commercial lottery, payoffs
are prizes net of the ticket price and the smallest payoff(s) is (are)
negative to ensure a positive profit to the firm. The profit of the
risk-neutral firm selling the lottery writes:

Π = −

n
i=1

(πi − πi−1)xi.

Consumers are RDU decision makers.1 Both nonlinear weight-
ing of probabilities and nonlinear utility influence risk preferences:

Definition 1. Denote u a strictly increasing and continuously dif-
ferentiable function on I . Let g be a strictly increasing and contin-
uously differentiable from [0, 1] to itself, satisfying g(0) = 0 and
g(1) = 1. The agent is RDU with utility function u and probabil-
ity weighting function g if the value U he derives from the lottery
writes:

U =

n
i=1

(g(πi) − g(πi−1)) u(xi).

Instead of analyzing a monopoly firm maximizing profit under
the participation constraint of the consumer, we look at the dual
problem of maximizing the player’s utility subject to a minimum
profit for the firm. This is done for convenience reason, as it is
strictly equivalent. In both cases we are looking for a Pareto op-
timum.2

The lottery {xi, πi; i = 1, . . . , n} is optimal if player’s utility is
maximized under the constraints that the firm obtains at least a
profit equal to B, and that πi and xi are increasing:

max
n



max
n

i=1

[g(πi) − g(πi−1)]u(xi)

s.t. −

n
i=1

(πi − πi−1)xi = B

xi+1 − xi ≥ 0, i = 1, . . . , n − 1
πi − πi−1 ≥ 0, i = 1, . . . , n
π0 = 0, πn = 1.

Remark 1. Payoffs and cumulative probabilities must be increas-
ing sequences so as to satisfy RDU preferences and definition of
cumulative probabilities. Every time one of the two ordering con-
straints binds, the number of distinct payoffs included in the lot-
tery is reduced by one. This is obviously the case if xi+1 = xi, where
the two payoffs have the same probability equal to πi+1 − πi−1. If
πi = πi−1 the probability ofwinning xi is simply zero. In both cases,
removing the ith prize does not change the nature of the lottery.

1 RDU model is a simple and powerful generalization of the expected utility
model. It is able to explain the behavior observed in the Allais paradox, aswell as for
the observation that many people both purchase lottery tickets and insure against
losses. See Machina (1994) and Diecidue and Wakker (2001) for an introduction to
RDU theory.
2 In every allocation problem with non-satiated preferences, when searching for

a Pareto equilibrium, it is equivalent to set a minimum utility for the first agent,
and maximize the utility of the second agent, or to do the opposite. In particular, it
does not matter much how the surplus from trade is split between the firm and the
consumer.
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