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Abstract

Stack filters are nonlinear filters used for image processing (examples: median filters, order statis-
tics). In the translation-invariant case a stack filter is determined by a positive Boolean fumction
Many important properties of stack filters (idempotency, co-idempotency, order relations) can be
tested in polynomial time if the DNF and/or CNFlofire known.
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1. Introduction

Let us go into medias res. One simple example of a stack filter would be the operator
@ : RZ - RZ which maps a serieg = {f; | i € Z} to the serie f whoseith component
is defined bY@ f1; := (fi—2 A fi) V fiz1. Herebyf; A fj and f; v f; are defined as the
minimum and maximum, of the real numbefisand f;, respectively. Not surprisingly, the
behaviour of® is determined by the underlying positive Boolean function{0, 1}* —
{0, 1} that mapsx_», x_1, x0, x1) t0 (x_2 A x0) V X1.

In Section 2 we review the conjunctive (CNF) and disjunctive (DNF) normal forms of
positive Boolean functions and, for later purposes, explicitly derive one from the other for
some nontriviab, : {0, 1}" — {0, 1}.
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In Section 3 it is indicated how stack filtet% : R — RZ arise in nonlinear image
processing. Interestingly?’ need not originally be defined in terms afandv. We then
proceed to the computation of the DNF and CNF of some concrete stack filters (i.e., of their
underlying positive Boolean functions). In particular theof Section 2 corresponds to the
stack filter¥ := L,, o U, whereL,, andU,, are the thoroughly investigated stack filters of
[6].

In Section 4 we discuss four “benefits” of normal forms of stack filters. As to the first
benefit, when both the CNF and DNF 8f are known, there is a polynomial algorithm
[10] to decide whether or nd? is idempotenti.e. whether? o ¥ = V. Second, theo-
idempotencyf V,i.e.(I — ¥)o (I — ¥) =1 — ¥, wherel is the identity map, can also
be tested in polynomial time. We further expand upon the related computatiomnofisel
seriesg := f — ¥ f of ¥, in particular for¥ := L, o U,. Third, two stack filtersp and ¥
are said to be comparable, s&g ¥, if @ f < ¥ f for all seriesf € RZ. Given their DNF
(or CNF) it can be tested in polynomial time whether oré@at V. Fourth, a stack filte® is
neighbourly trend preserving f; < fi+1 implies[®@ f1; <[® f1;11, and f; > fi 11 implies
[Df]; =[P f]i+1. If @is given in normal form this property can be checked in polynomial
time.

2. Prerequisites about positive Boolean functions

Let us review some well-known facts from Boolean logic which shall be crucial in later
sections. Fax, yin {0, 1}" writex <y if x; <y; forall 1<i <n.Anyfunctions : {0, 1}" —
{0, 1} is called aBoolean functionlt is positive(or monotongif for all x, y € {0, 1} it
follows fromx <y thatb(x) <b(y). As opposed to the general case, a posiegmits a
unigueminimal disjunctive normal forrftheDNF), and dually a uniqueainimal conjunctive
normal form(the CNF).

Namely, for allx = (x1, ..., x,) in {0, 1} putOnegx) := {i | x; = 1} andZero(x) :=
{i |x;, =0}. AsubsetC C {1,...,n}is a 1setof b if b(x) = 1 for the uniquex with
Ongx) = C. Dually call D C {1,...,n} a Osetof b if b(y) = 0 for the uniquey with
Zero(y) = D. Let % = € (b) be the set of all nonvoid minimal 1-sets anddet= Z(b) be
the set of all nonvoid minimal O-setsIf b(x) =1 for allx € {0, 1}" thenZ = @. Dually, if
b(x) =0 for all x € {0, 1}"* then® = @. But for a nonconstant positive Boolean function
both cluster& andZ are nonvoid antichains. (A family of sets isamtichainif no member
properly contains another member of that family.) The DNF (respectively the CNHsof
then defined as

\/ (/\ x,-) respectively A [ \/ x| |- (1)
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1 0Other authors speak 3tsets and--sets, rather than of 1-sets and 0-sets of a Boolean function. While their
T-sets coincide with our 1-sets, thé&irsets are usually defined to be ttemplementsvithin [1, n] of our O-sets.
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