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Abstract

Arithmetic systems such as those based on IEEE standards currently make no attempt to track the
propagation of errors. A formal error analysis, however, can be complicated and is often confined to
the realm of experts in numerical analysis. In recent years, there has been a resurgence of interest
in automated methods for accurately monitoring the error propagation. In this article, a floating-
point system based on significance arithmetic will be described. Details of the implementation in
Mathematica will be given along with examples that illustrate the design goals and differences over
conventional fixed-precision floating-point systems.
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1. Introduction

Knuth has expressed a desiderata of floating-point arithmetic as follows [19]:

It would be nice if we could give our input data for each problem in an unnormal-
ized form which expresses how much precision is assumed, and if the output would
indicate just how much precision is known in the answer.

This enhancement would assist those who do not wish to undertake a rigorous analysis
of computational error. Significance arithmetic is one approach to obtaining such a facility
by providing local error monitoring. A floating-point system based on significance arith-
metic dynamically adjusts the number of digits used in computations; it is therefore ideally
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suited to a software implementation where the mantissa can readily change in size over a
very wide range. A premise of Mathematica’s arbitrary precision significance arithmetic
is that it is preferable that the dynamic control of digits in low-order operations should be
based upon the precision of the operands rather than by considerations such as fixed format
storage limitations.

Significance arithmetic is not new and has been around since the late 1950s [8,22,23].
Despite an initial period of enthusiasm, one of the reasons the model fell out of favor
was inefficiency compared with alternative hardware implementations of fixed-precision
arithmetic models, such as that which evolved into the IEEE 754 standard. Hardware
implementations also imposed severe restrictions on the range of representable numbers.
Furthermore error estimates, that were obtained using an integral value for the associated
error, gave results that were frequently too pessimistic to be of practical value [40].

Recently there has been a resurgence of interest in automatic error control. Nowadays,
many modern computational environments are equipped with facilities for carrying out
arithmetic in software. Furthermore, there seems to be an increasing demand from the user
community for tools which assist in a numerical study of problems, but at the same time
give some guarantee of reliability of the solution.

There are some very detailed descriptions of IEEE arithmetic, such as [31], but signifi-
cance arithmetic is less well known: details of the implementation in Mathematica are not
widely available and indeed the possibility of using adaptive precision, with its associated
error bounds, offered by this computer algebra system is sometimes overlooked entirely
[31, pp. 92-93]. One goal here is to fill this void. A description of how errors are rep-
resented and combined in the implementation is given and some enhancements since the
early days of development are outlined.

This article is organized as follows. Section 2 begins by introducing some standard
notions and the terminology used in Mathematica. The error propagation model used in
significance arithmetic is then explained in Section 3. In order to make this article as self-
contained as possible, the relevant commands are introduced in Section 4 together with
details of the implementation. Section 5 contains examples that are problematic for IEEE
arithmetic and these are compared and contrasted with the results obtained using signifi-
cance arithmetic. Some of the properties of significance arithmetic and functions that can
be used to verify the implementation are also outlined. All computations in this article
have been carried out using a pre-release version of Mathematica running on a Pentium IV
processor machine with RedHat Linux 8.0.

2. Background

In this section, some standard definitions that are used in connection with floating-point
arithmetic and error analysis are introduced, the ideas underlying significance arithmetic
are described and the terminology that is used in Mathematica is explained.

2.1. Representation of numbers

Several definitions are now recalled to illustrate how real numbers are represented in
a computer [20]. A base-p finite number X of length n = k + m is an n-tuple with radix
point between the k£ most significant digits and the m least significant digits:
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