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Abstract

The (meta)logicunderlyingclassical theoryof computation isBoolean (two-valued) logic.Quantum
logic was proposed by Birkhoff and von Neumann as a logic of quantum mechanics more than 60
years ago. It is currently understood as a logic whose truth values are taken from an orthomodular
lattice. Themajor difference between Boolean logic and quantum logic is that the latter does not enjoy
distributivity in general. The rapid development of quantum computation in recent years stimulates
us to establish a theory of computation based on quantum logic.The present paper is the first step
towardsuchanew theoryand it focuseson thesimplestmodelsof computation, namely finiteautomata.
We introduce the notion of orthomodular lattice-valued (quantum) automaton. Various properties of
automata are carefully reexamined in the framework of quantum logic by employing an approach
of semantic analysis. We define the class of regular languages accepted by orthomodular lattice-
valued automata. The acceptance abilities of orthomodular lattice-valued nondeterministic automata
and their various modifications (such as deterministic automata and automata withε-moves) are
compared. The closure properties of orthomodular lattice-valued regular languages are derived. The
Kleene theorem about equivalence of regular expressions and finite automata is generalized into
quantum logic. We also present a pumping lemma for orthomodular lattice-valued regular languages.
It is found that the universal validity of many properties ( for example, the Kleene theorem, the
equivalence of deterministic and nondeterministic automata) of automata depend heavily upon the
distributivity of the underlying logic. This indicates that these properties does not universally hold
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in the realm of quantum logic. On the other hand, we show that a local validity of them can be
recovered by imposing a certain commutativity to the (atomic) statements about the automata under
consideration. This reveals an essential difference between the classical theory of computation and
the computation theory based on quantum logic.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

It is well-known that an axiomatization of a mathematical theory consists of a system
of fundamental notions as well as a set of axioms about these notions. The mathematical
theory is then the set of theorems which can be derived from the axioms. Obviously, one
needs a certain logic to provide tools for reasoning in the derivation of these theorems from
the axioms. As pointed out by Heyting[21, p. 5], in elementary axiomatics logic was used
in an unanalyzed form. Afterwards, in the studies for foundations of mathematics beginning
in the early of twentieth century, it had been realized that a major part of mathematics has
to exploit the full power of classical (Boolean) logic [19], the strongest one in the family
of existing logics. For example, group theory is based on first-order logic, and point-set
topology is built on a fragment of second-order logic. However, a few mathematicians,
including the big names L.E.J. Brouwer, H. Poincare, L. Kronecker and H. Weyl, took
some kind of constructive position which is in more or less explicit opposition to certain
forms of mathematical reasoning used by the majority of the mathematical community.
Some of them even endeavored to establish so-called constructive mathematics, the part of
mathematics that could be rebuilt on constructivist principles. The logic employed in the
development of constructive mathematics is intuitionistic logic [41] which is truly weaker
than classical logic.
Sincemany logicsdifferent fromclassical logic and intuitionistic logic havebeen invented

in the last century, onemay naturally ask the question whether we are able to establish some
mathematical theories basedonother nonclassical logics besides intuitionistic logic. Indeed,
as early as the first nonclassical logics appeared, the possibility of building mathematics
upon them was conceived. As mentioned by Mostowski [31], J. Lukasiewicz hoped that
there would be some nonclassical logics which can be properly used inmathematics as non-
Euclidean geometry does. In 1952, Rosser and Turquette [36, p. 109] proposed a similar
and even more explicit idea:

The fact that it is thus possible to generalize theordinary two-valued logic soasnot only
to cover the case of many-valued statement calculi, but of many-valued quantification
theory as well, naturally suggests the possibility of further extending our treatment
of many-valued logic to cover the case of many-valued sets, equality, numbers, etc.
Since we now have a general theory of many-valued predicate calculi, there is little
doubt about the possibility of successfully developing such extended many-valued
theories. …we shall consider their careful study one of the major unsolved problems
of many-valued logic.
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