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Abstract

Theplurality problemis a game between two participants: Paul and Carole. We are givenn balls,
each of them is colored with one out ofc colors. At any step of the game, Paul chooses two balls and
asks whether they are of the same color, whereupon Carole answers yes or no. The game ends when
Paul either produces a balla of the plurality color (meaning that the number of balls colored likea
exceeds those of the other colors), or when Paul states that there is no plurality. How many questions
Lc(n) does Paul have to ask in the worst case?

For c = 2, the problem is equivalent to the well-knownmajority problemwhich has already been
solved (Combinatorica 11 (1991) 383–387). In this paper we show that 3�n/2�−2�L3(n)��5n/3�−
2. Moreover, for anyc�n, we show that surprisingly the naive algorithm for the plurality problem is
asymptotically optimal.
© 2005 Elsevier B.V. All rights reserved.

Keywords:Combinatorial search; Algorithm analysis; Majority problem; Game

� Work supported in part by the European RTN Project under contract HPRN-CT-2002-00278,COMBSTRU.
�� A preliminary version of this paper appeared in Proc. of STACS 2004[4].

∗ Corresponding author. Istituto di Informatica e Telematica, Consiglio Nazionale delle Ricerche, via Moruzzi
1, 56124 Pisa, Italy. Tel.: +39 050 315 3191.

E-mail addresses:aigner@math.fu-berlin.de(M. Aigner), gianluca.demarco@iit.cnr.it(G. De Marco),
manuela.montangero@iit.cnr.it(M. Montangero).

0304-3975/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.tcs.2004.12.035

http://www.elsevier.com/locate/tcs
mailto:aigner@math.fu-berlin.de
mailto:gianluca.demarco@iit.cnr.it
mailto:manuela.montangero@iit.cnr.it


320 M. Aigner et al. / Theoretical Computer Science 337 (2005) 319–330

Plurality ball

Majority ball

(# balls colored like it > 

n/2+1 balls colored
like it)

(there are at least 

 # balls of any other color)

No Plurality

(# balls colored like it >

Plurality ball

 # balls of any other color)

(a) (b)

(c)

Fig. 1.

1. Introduction

The plurality problem can be stated as a game between two players: Paul and Carole.
There aren balls, each of them colored with one out ofc colors. Theplurality color is the
color that has been used the most, i.e., such that the balls colored with it strictly outnumber
the balls of any other color. Aplurality ball is any ball colored with the plurality color (see
Fig. 1a). Note that a plurality color (and ball) not always exists (see Fig. 1b).

At any step of the game, Paul chooses two balls and asks whether they are of the same
color, whereupon Carole answers yes or no. The game ends when Paul either produces a
ball of the plurality color, or when Paul states that there is no plurality. How many questions
Lc(n) does Paul have to ask in the worst case?

This problem is a generalization of the well-knownmajority problem, a classical problem
in Combinatorial Search [1], in which we are givenn balls and two colors, e.g., white and
black. The aim is to produce a ball of themajority color (meaning that the number of
balls with that color is strictly greater than that of the other color), or to state that there is
no majority (this happens when there is the same number of white and black balls). The
majority problemasks to determine how many questions Paul needs in the worst case. It is
straightforward to observe that the plurality problem with two colors is equivalent to the
majority problem (see Fig. 1c).

This kind of problems finds several interesting applications in the field of fault diagnosis
of multiprocessor systems introduced in [10].
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