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ABSTRACT

We consider the problem of axiomatizing the Shapley value on the class of assignment games. It turns
out that several axiomatizations of the Shapley value on the class of all TU-games do not characterize this
solution on the class of assignment games. However, when considering an assignment game as a (com-
munication) graph game where the game is simply the assignment game and the graph is a corresponding
bipartite graph where buyers (sellers) are connected with sellers (buyers) only, we show that Myerson’s
component efficiency and fairness axioms do characterize the Shapley value on the class of assignment
games. Moreover, these two axioms have a natural interpretation for assignment games. Component effi-
ciency yields submarket efficiency stating that the sum of the payoffs of all players in a submarket equals
the worth of that submarket, where a submarket is a set of buyers and sellers such that all buyers in this
set have zero valuation for the goods offered by the sellers outside the set, and all buyers outside the set
have zero valuations for the goods offered by sellers inside the set. Fairness of the graph game solution
boils down to valuation fairness stating that only changing the valuation of one particular buyer for the

good offered by a particular seller changes the payoffs of this buyer and seller by the same amount.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The history of assignment games goes back to the XIX century
to Bohm-Bawerk’s (1923) horse market model. Later Shapley and
Shubik (1972) introduced the formal, modern concept of assign-
ment games.

One of the most popular solution concepts for TU-games is the
Shapley value (Shapley, 1953). Numerous axiomatizations of the
Shapley value are known in the literature, for example (i) Shapley’s
original axiomatization (Shapley, 1953) by efficiency, the null
player property (originally stated together as the carrier axiom),
symmetry and additivity (also discussed by Dubey, 1975 and Peleg
and Sudhalter, 2003), (ii) Young’s (1985) axiomatization replacing
additivity and the null player property by strong monotonicity
(also discussed by Moulin (1988) and Pintér (2012)), (iii) Chun’s
(1991) replacing strong monotonicity by coalitional strategic
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equivalence, (iv) van den Brink’s (2001) replacing (in Shapley’s
original axiomatization) additivity and symmetry by fairness, and
(v) Hart and Mas-Colell’s (1989) approaches using the potential
function and a related reduced game consistency. It turns out that
none of these characterizations are valid on the class of assignment
games in the sense that they do not characterize a unique solution.

In this paper, we show that when considering an assignment
game as a (communication) graph game where the game is simply
the assignment game and the graph is a corresponding bipartite
graph where buyers (sellers) are connected with sellers (buyers)
only, Myerson’s (1977) component efficiency and fairness axioms
do characterize the Shapley value on the class of assignment
games. Moreover, the axioms have a natural interpretation for
these games.

An assignment game is fully described by the assignment situ-
ation being a set of buyers, a set of sellers, and for every buyer a
valuation of the good offered by each seller. Instead of defining an
assignment game as a graph game, we will directly work on the
class of these assignment situations. For such assignment situa-
tions, component efficiency of a graph game solution boils down to
submarket efficiency stating that the sum of the payoffs of all play-
ers in a submarket equals the worth of that submarket, where a
submarket in an assignment situation is a set of buyers and sellers
such that all buyers in this set have zero valuation for the goods
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offered by the sellers outside the set, and all buyers outside the set
have zero valuations for the goods offered by sellers inside the set.

Fairness of the graph game solution boils down to valuation
fairness stating that only changing the valuation of one particular
buyer for the good offered by a particular seller changes the payoffs
of this buyer and seller by the same amount. We show that these
two axioms do characterize the Shapley solution for assignment
situations being the solution that is obtained by applying the Shap-
ley value to the corresponding assignment game. So, we obtain a
positive result by viewing an assignment game as a graph game.

Besides introducing and axiomatizing his solution, Myerson
(1977) also shows that it is stable for superadditive graph games
in the sense that two players never get worse off when building a
link between them. The Shapley solution for assignment situations
is valuation monotonic in the sense that the payoffs of a buyer i and
a seller j do not decrease if only the valuation of buyer i for the good
offered by seller j increases.

2. Preliminaries
2.1. TU-games

Let N be a non-empty, finite set, let |N| be its cardinality, and
let #(N) denote the power set of N. A transferable utility (TU)
game with player set N is a pair (N, v) with characteristic function
v : £(N) — R such that v(@) = 0. Since we take the player
set N to be fixed, we represent a TU-game (N, v) simply by its
characteristic function v. The class of all characteristic functions
on player set N is denoted by g".

Game v is superadditive if v(S U T) > v(S) + v(T) for all
S, TCNwithSNT =0.

A (single-valued) solutionon € < gV, isafunction¢ : ¢ — RN,

In this paper we focus on the Shapley value (Shapley, 1953)
being the solution ¢™: gV — RV, for every v € gV, given by

PP =Y ITIAN AT = D!

“m! (v) forallieN,
]
CN\{i}

where, forany v € ", i e NandT € N, m! (v) = v(T U {i}) —
v(T) is player i’s marginal contribution to coalition T in game v. We
refer to d)fh(v) as the Shapley value of player i in game v € gV,

Several axiomatizations of the Shapley value can be found in the
literature, such as the axiomatization' by Pareto optimality (also
known as efficiency), the null player property, the equal treatment
property and additivity (Shapley, 1953), Pareto optimality, the
equal treatment property and strong monotonicity (Young, 1985),
Pareto optimality, the equal treatment property and marginality
(also by Young, 1985), Pareto optimality, the equal treatment
property and coalitional strategic equivalence (Chun, 1991) and
Pareto optimality, the null player property and fairness (van den
Brink, 2001).2

2.2. Assignment games

Let B, S € N be two non-empty sets such that BN'S = ¢ and
BUS = N. The interpretation is the following. The sets B and S
are the sets of buyers and sellers, respectively. Every buyer wants
one good, and every seller owns one good. These goods are not
exactly the same, so a buyer can have different valuations for the
goods owned by different sellers. We assume that the sellers have

1 We refer the reader to the mentioned literature for the definition of the axioms.

2 For games on variable player sets the Shapley value is characterized by,
e.g. Pareto optimality, covariance, the equal treatment property and consistency in
Hart and Mas-Colell (1989) who also expressed it by a potential.

reservation value zero for every good. The nonnegative valuation
(reservation value) of buyer i € B for the good offered by seller
j € S is denoted by a;; > 0. So, buyer i and seller j can make
a deal and earn worth a; ;. Buyers cannot trade among each other
(since they do not own a good), and also sellers cannot earn a worth
among themselves since their valuation is zero.

Let A be the |B| x |S| non-negative matrix with a;; its (i, j)
element. We refer to this matrix A as an assignment situation
or valuation matrix on (B,S). We denote the collection of all
assignment situations on (B, S) by AP, Furthermore forall T C N,
amatchingonTisasetofsetsM C {{i,j} C T |i € BNT, j € SNT}
such that forevery g € T, |{{h,k} € M | g € {h,k}}|] < 1.
So, buyers can only be matched with sellers, sellers can only be
matched with buyers, and every buyer (seller) can be matched with
at most one seller (buyer). Let M (T) be the set of all matchings of T.
Taking the sets of buyers B and sellers S fixed, the assignment game
(see Shapley and Shubik, 1972) for valuation matrix A is the game
vaonN = BUS, given by?

Z a;j forallT CBUS.
{i.jleM

va(T) = max
MeM(T)

The elements of

arg max Z aij
MEMM i jem

are called the maximal matchings of coalition T. For any set of
buyers and sellers T, the worth of this coalition is the maximum
aggregated worth of the deals the involved players can achieve
contingent on every player trading with at most one other player
from the other type.

Remark 2.1. Since in the definition of assignment games, B and S
are non-empty, in this paper every assignment game has at least
two players.

2.3. Graph games

Myerson (1977) introduced a model in which it is assumed that
the players in a game v are part of a communication structure that
is represented by an undirected graph (N, L), with the player set
N as the set of nodes and L C {{i,j} | i, j € N, i # j} being
a collection of edges or links, that is, subsets of N such that each
element of L contains precisely two elements. Since in this paper
the nodes in a graph represent the players in a game, we use the
same notation for the set of nodes as the set of players, and refer to
the nodes in a graph just as players.

If there is no confusion about the player set N, we denote a
graph on N just by its set of links L and refer to this as the graph.
We denote the class of all possible sets of links on N by £N. A
sequence of k different nodes (i, ..., i) is a path between players
iyand iy in L € £Nif {iy,ipyq} € Lforh = 1,...,k — 1. A
coalition S C N is connected in graph L if every pair of players in
S is connected by a path that only contains players from S, that
is, for every i,j € S, i # j, there is a path (iy, ..., ix) such that
iy =1, iy =jand {iy, ..., i} € S.Coalition T C S is a component
of S in graph L if it is a maximally connected subset of S, that is, T
is connected in L(S) and for every h € S \ T the coalition T U {h}
is not connected in L(S), where L(S) = {{i,j} € L | {i,j} € S}. We
denote the set of components of S C N in L by C;(S).

A pair (v,L) € gV x £V is referred to as a graph game on N.
Following Myerson (1977), in the graph game (v, L) players can
cooperate if and only if they are able to communicate with each

3 We use the convention that the empty sum is 0.
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