
Journal of Mathematical Economics 54 (2014) 59–62

Contents lists available at ScienceDirect

Journal of Mathematical Economics

journal homepage: www.elsevier.com/locate/jmateco

A characterization of exact non-atomic market games
Massimiliano Amarante
Université de Montréal et CIREQ, Canada

a r t i c l e i n f o

Article history:
Received 14 May 2014
Received in revised form
6 August 2014
Accepted 23 August 2014
Available online 6 September 2014

Keywords:
Non-additive set functions
Integral vector measure
Lower/upper envelopes
Separation theorem
Exact games
Non-atomic market games

a b s t r a c t

Continuous exact non-atomic games are naturally associated to certain operators between Banach spaces.
It thusmakes sense to study games bymeans of the corresponding operators.We characterize non-atomic
exactmarket games in terms of the properties of the associated operators.We also prove a separation the-
orem forweak compact sets of countably additive non-atomicmeasures, which is of independent interest.
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1. Preliminaries

Given a measurable space (Ω, Σ), a TU (transferable utility)
game is a set function ν : Σ → R such that ν (∅) = 0. Ω is the set
of players,Σ theσ -algebra of admissible coalitions and ν describes
the worth of each coalition. In this paper, we deal with games
satisfying a certain number of properties such as continuity, non-
atomicity, exactness, etc.We recall themain definitions. A coalition
N ∈ Σ is null if ν (A ∪ N) = ν (A) for all A in Σ; an atom of ν is a
non-null coalition A such that for every coalition B ⊂ A either B or
A\B is null. A game ν is non-atomic if it has no atoms (Aumann and
Shapley, 1974, p. 14 and Marinacci and Montrucchio, 2004, p. 55).
Let {An} be a sequence in Σ , and for each n let Ac

n denote the com-
plement of An. A game ν is continuous if limn→∞ ν (An) = limn→∞
ν (Ω) − ν


Ac
n


= 0 whenever An ↘ ∅. The core of a game ν is

the set

core(ν) = {µ ∈ ba(Σ) : µ(Ω) = ν(Ω) and
µ(A) ≥ ν(A) for all A ∈ Σ}

where ba(Σ) denotes the Banach space of charges (= finitely addi-
tivemeasures) onΣ endowedwith the variation norm. Clearly, the
core is always a weak∗-compact, convex subset of ba (Σ). A game
ν is exact if core(ν) ≠ ∅ and

ν (A) = min
µ∈core(ν)

µ (A) , ∀A ∈ Σ .
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A game ν is the lower envelope of a set K of charges on Σ if it
satisfies

ν (A) = inf
µ∈K

µ (A) (1.1)

for all A ∈ Σ . It is the upper envelope of K if the inf in (1.1) is
replaced by a sup. Several classes of games are directly defined
as lower/upper envelopes of charges. Examples include the thin
games of Amarante andMontrucchio (2010) and the symmetric co-
herent capacities of Kadane andWasserman (1996). The first obtain
when the set K in (1.1) is a thin set of non-atomic (countably addi-
tive) measures (Amarante and Montrucchio, 2010, Definition 5)1;
the second when all the charges in K satisfy the following sym-
metry condition (Kadane and Wasserman, 1996, Section 1): there
exists a non-atomic probability measure λ such that2

λ(A) = λ(B) H⇒ µ (A) = µ (B) for all µ ∈ K .

1 ForM ⊂ L1 (Ω, Σ, λ) and S ∈ Σ , the subsetM (S)⊥ ⊂ L∞ (Ω, Σ, λ) is given
by

M (S)⊥ =

ϕ ∈ L∞ (Ω, Σ, λ) : ⟨f , ϕ⟩ = 0 for all f ∈ M and ϕχSc = 0


.

A set M ⊂ L1 (Ω, Σ, λ) is thin, if and only if M (S)⊥ ≠ {0} for all S such that
λ (S) > 0 (see Kingman and Robertson, 1968).
A set of measures is thin if it is isometrically isomorphic (Radon–Nikodym) to a

thin subset of L1 (Ω, Σ, λ).
2 The definition in Kadane and Wasserman (1996, Section 1) is slightly different,

yet obviously equivalent, to the one given in the text.
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Other classes of games, while defined in a different way, are repre-
sentable as lower/upper envelopes. This is the case for the class of
exact gamesmentioned above: it is easy to see that a game is exact
if and only if it is the lower envelope of a (norm-bounded) subset
K of baα (Σ), where baα (Σ) = {µ ∈ ba (Σ) : µ (Ω) = α, α ∈ R}.
Moreover, several important subclasses of exact games (besides
the thin games above) are also lower envelope games. In fact,
owing to results of Schmeidler (1972) andMarinacci andMontruc-
chio (2004, pp. 54–58), continuous exact games and continuous ex-
act non-atomic games are also lower envelopes games. The former
obtain when K is a weak compact subset (in baα (Σ)) of countably
additivemeasures,while the latter requires that, in addition, all the
measures be non-atomic.

1.1. Non-atomic market games

Non-atomic market games were introduced by Aumann and
Shapley (1974) in their study of exchange economies with a con-
tinuum of agents. They are identified as follows. Let B (Σ) be the
Banach space (sup-norm) of bounded, Σ-measurable functions
Ω −→ R. Elements of B (Σ) taking values in [0, 1] are called ideal
coalitions, and their set is denoted by B1 (Σ). The set of ideal coali-
tions is endowedwith the na-topology, which is the coarsest topol-
ogy which makes continuous all the functionals of the form g −→
gdµ, g ∈ B (Σ) and µ a non-atomic measure on Σ . By the

Lyapunov Convexity Theorem, the characteristic functions are na-
dense in B1 (Σ). Consequently, any game ν, when viewed as the
function 1A −→ ν (A) over the characteristic functions, has atmost
one na-continuous extension to B1 (Σ).

A game ν is a non-atomic market game if it is superadditive and
admits a positively homogeneous na-continuous extension to the
set of ideal coalitions (see also Mertens, 1980, for a similar defi-
nition). As observed, the name is inherited from the fact that, un-
der suitable conditions, exchange economies with a continuum of
agents can be modeled as market games (see Hart, 1977, Propo-
sition 3.4). In Amarante et al. (2006, Theorem 4), Amarante–
Maccheroni–Marinacci–Montrucchio showed that a game ν is an
exact non-atomic market game iff it is the lower envelope of a
norm-compact subset K of baα (Σ) consisting of non-atomic mea-
sures. Thus, the class of exact non-atomic market games is also a
class of lower envelope games.

2. A separation result

For lower/upper envelope games, the link between the game
and the set of charges defining it is not always sharp. That is, as the
next example of Huber and Strassen (1973) shows, different sets of
charges might define the same game.

Example 1 (Huber and Strassen, 1973). Let Ω = {1, 2, 3} and con-
sider the two measures on Ω defined by µ = ( 1

2 ,
1
2 , 0) and λ =

( 4
6 ,

1
6 ,

1
6 ). Let ν be the lower envelope game defined byC1 = co{µ,

λ} (where co denotes the convex hull). That is,

ν (A) = inf
ξ∈C1

ξ (A)

for all A ⊂ Ω . It is easy to check that

(a)

core(v) = C2 =


3 + t
6

,
3 − t − s

6
,
s
6


: 0 ≤ s, t ≤ 1


.

(b) For all A ⊂ Ω

min
ξ∈C1

ξ (A) = ν (A) = min
ξ∈C2

ξ (A) .

(c) C1 is strictly included in C2.

It is easy to see that the situation described by the example is
fairly typical whenever the game has atoms. The next proposition
shows, however, that the situation is dramatically different in the
non-atomic case.

Proposition 1. Let ν : Σ −→ R be a continuous, exact non-atomic
game. Then, ν is the lower envelope of a unique, weak compact (in
ba(Σ)), convex set of non-atomic measures.
Proof. By the result of Marinacci–Montrucchio mentioned above
(Marinacci and Montrucchio, 2004, pp. 54–58), continuous exact
non-atomic games are lower envelopes games defined by a weak-
compact set K ⊂ baα(Σ) consisting of non-atomic measures. By
the Bartle–Dunford–Schwartz Theorem (see Diestel and Uhl, 1977,
Corollary 6, p. 14), the weak compactness of K implies that there
exists a non-atomic finite measure λ on Σ such that all the mea-
sures in K are absolutely continuous with respect to λ. Thus, by the
Radon–Nikodym theorem, K is isometrically isomorphic to a weak
compact subset K ′ of L1(λ) (Dunford and Schwartz, 1958, Theo-
rem IV.9.2). Since it is continuous, exact and non-atomic, the game
ν, however, is also the lower envelope of its core. By Schmeidler’s
theorem Schmeidler (1972) andDunford and Schwartz (1958, The-
orem IV.9.2), this is also isometrically isomorphic to a weak com-
pact subset K ′′ of L1(λ). Clearly, the inclusion K ′

⊂ K ′′ always
holds. We are going to show that necessarily K ′

= K ′′ whenever ν
is continuous, exact and non-atomic.

The dual ofL1(λ) is the Banach spaceL∞(λ) ofΣ-measurable,
λ-essentially bounded functions on Ω . Let Φ denote the intersec-
tion of the positive cone with the unit ball in L∞(λ). Since λ is fi-
nite and non-atomic, the indicator functions are weak∗-dense inΦ

(see Kingman and Robertson, 1968). Now, suppose that the exists
a κ ∈ K ′′

\ K ′. The sets K ′ and {κ} are both weak compact. Thus, by
the Separating Hyperplane Theorem (see Dunford and Schwartz,
1958, TheoremV.2.10) there exists aϕ0 ∈ L∞(λ)−{0} and a ε > 0
such that

ϕ0kdλ + 2ε < min
k̃∈K ′


ϕ0k̃dλ.

Wlog, we can assume that ϕ0 ∈ Φ (otherwise take ϕ0− essinf ϕ0
∥ϕ0− essinf ϕ0∥

).
Consider the functions

F : Φ × {k} −→ R, F(ϕ, k) =


ϕkdλ

G : Φ × K ′
−→ R, G(ϕ, k̃) =


ϕk̃dλ

where Φ is endowed with the weak∗-topology (and is compact in
this topology) and K ′ is endowed with the weak-topology (and is
compact in this topology). By the continuity of the function F , there
exists a weak∗-neighborhood of ϕ0, W (ϕ0), such that

ϕ ∈ W (ϕ0) H⇒

 ϕ0kdλ −


ϕkdλ

 < ε.

Since the function G is jointly continuous and K ′ is compact,
the Maximum Theorem (see Aliprantis and Border, 2006, Theo-
rem 17.31) implies that there exists a weak∗-neighborhood of ϕ0,
U(ϕ0), such that

ϕ ∈ U(ϕ0) H⇒

min
k̃∈K ′


ϕ0k̃dλ − min

k̃∈K ′


ϕk̃dλ

 < ε.

Thus, for ϕ ∈ U(ϕ0) ∩ W (ϕ0) we have

min
k̃∈K ′


ϕk̃dλ > min

k̃∈K ′


ϕ0k̃dλ − ε

>


ϕ0kdλ + 2ε − ε

>


ϕkdλ + 2ε − ε − ε =


ϕkdλ.
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