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A b s t r a c t - - I n  this paper, we study the progresswe ~teratzon approxzrnatwn property of a curve 
(tensor product surface) generated by blending a given data point set and a set of basis functmns 
The curve (tensor product surface) has the progresswe zteratzon approxzmatwn property as long as 
the basis is totally positive and the corresponding collocatmn matrix m nonsingular. Thus, the B- 
spline and NURBS curve (surface) have the progresszve zteration approxzmatzon property, and B4zier 
curve (surface) also has the property ff the corresponding collocatmn matrix is nonslngular. (~ 2005 
Elsevmr Ltd. All rights reserved. 

K e y w o r d s - - P r o g r e s s l v e  iteration approxlmauon, Total posltivity, NURBS, B-sphne, B4zmr. 

1.  I N T R O D U C T I O N  

Given a sequence of points {P*},~0, the i th point of which is assigned a paramete r  value t,, 
. .  _ . . . ,  n B 0, 1,. , n, and a nonnegative basis {B, (t) > 0 I t E R, ~ = 0, 1, n )  with }-'~-,=0 * (t) -= 1, 

, = ~ _ p  n the initial curve can be generated as follows, i.e C o (t) }-~,=0 P°B* (t), with {p0 _ *},=0- 
By calculating the adjusting vector for each control point A0 = p ,  _ C O ( t , ) ,  i = 0, 1 , . . . ,  n, and 
letting {P~ 0 0 n }-~=0 P~B,  and on. = p~ + A }~=0, we can get the next curve C 1 (t) = ( t ) , . . . ,  so 
Thus,  at last, we get a sequence of curves {C k (t) I k = 0, 1 , . . . }  (see Figure 1). 

Qi and de Boor have shown that ,  if the given nonnegative basis is a uniform cubic B-spline 
basis, and the paramete r  value t, assigned to each da ta  point happens to be at the knot of the 
knot  vector on which the uniform cubic B-spline basis is defined, the curve sequence converges to 
a curve interpolat ing the given point sequence, i.e., l im C k (t,) = p0 ,  ~ = 0, 1 , . . . , n  [1,2]. We 

say tha t  the initial curve has the progresswe iteratwn approximation property.  
Purthermore,  in [3], the authors have shown tha t  not only the nonuniform cubic B-spline 

curve, but  the nonuniform cubic B-spline tensor product  surface also has the progressive iteration 
approxzmatwn prope r ty .  
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Figure 1 Progressive iteration approxlmatmn, from Ck(t) to C k+l (t). 

In this paper, we will show that, as long as the given basis is totally positive, and its corre- 
sponding collocation matrix is nonsingular, the curve and tensor product surface generated by 
the basis have the progressive iteration approximation property. So, the B-spline, and NURBS 
curve and surface all have the progressive ~teration approximation property, and B4zier curves 
and surfaces also have the progressive iteration approximatwn property, if the corresponding 

collocation matrix is nonsingular 
The layout of this paper is as follows. In Section 2, we establish the progressive ~teratwn 

approx,mation property of the curve and tensor product surface generated by a totally posi- 
tive blending basis with nonsingular collocation matrix. In Section 3, we point out that the 
NURBS curve and surface have the progressive i teratwn approximatwn property. In Section 4, 
some results illustrating the progresswe i teratwn approxzmation property of the B4zier (B-spline, 
NURBS) curve (surface) are given, and the fitting errors are also listed. At last, we conclude the 

paper in Section 5. 

2. P R O G R E S S I V E  I T E R A T I O N  A P P R O X I M A T I O N  
OF C U R V E S  A N D  SURFACES 

n A nonnegative basis {B~ _> 0 1 z - - 0 ,  1 , . . . ,  n} with ~ i=0  B~ = 1 is called a blending baszs. 
p 3 l m  n Based on the blending basis and a given data point set {P~ E R3}~=o ({P~3 e h=o,3=o/, we 

can generate a blending curve, 
n 

c (t) = y ~  P , B ~  (t) ,  (2.1) 

or a tensor product blending surface, 

S (u, v) = E P*3 B, (u) Ba (v), (2.2) 
~=0 j=O 

where P~ and P~3 are called control points. 
In the following, we first present the definition of a totally positive basis. 

DEFINITION 2 1. Given a basis {Bi(t) > 0 ] z = 0, 1 , . . . ,  n} defined on ~ C_ R and an increasing 

sequence Wo < vl < . . .  < T m  in E, the collocation matrix  o f  Bo, . . . , Bn at TO < v'l < ""  < rm is 

the matrix ,  

M ( B ° ' ' ' ' ' B n )  (2.3) 
r o , . . . , r , ~  :=  ( B 3 ( r ~ ) k = o  . . . . .  ~=o . . . .  • 
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