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Abstract—1In this paper, the number of limit cycles i a famuly of polynomial systems was studied
by the bifurcation methods With the help of a computer algebra system (e.g., MAPLE 7 0), we
obtain that the least upper bound for the number of hmit cycles appearing m a global bifurcation of
systems (2.1) and (2.2) is 5n 45+ (1 — (—=1)")/2 for ¢ # 0 and n for ¢ = 0. © 2005 Elsevier Ltd
All rights reserved.
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1. PRELIMINARY LEMMAS

In the qualitative theory of real planar differential systems, a typical problem is to determine
limit cycles (see [1,2] for more details). A classical approach to generate limit cycles is perturbing
a system, which has a center, so that limit cycles bifurcate in the perturbed system from some
periodic orbits of the unperturbed system (see [3-7] for example).

Consider a planar system of the form,

iE(t) :Hy+£f(x7ya€7a)7
. (1.1)
y(t)=—H; +eg(z,y,¢,0a),
H, f, g are C* functions in a region G C R?, ¢ € R is a small parameter, and a € D C R"
with D compact. For ¢ = 0, (1.1) becomes Hamiltonian with the Hamiltonian function H(z,y).
Suppose there exists a constant Hp > 0, such that for 0 < h < Hp, the equation H(z,y) = h
defines a smooth closed curve L, C G surrounding the origin and shrinking to the origin as
h — 0. Hence, H(0,0) = 0 and for € = 0 (1.1) has a center at the origin.
Let
B(ha)= § (ds~fdi)sg=$ (Hyg+Hoog (1.2
h h

which is called the first-order Melnikov function or Abelian integral of (1.1). This function plays
an important role in the study of limit cycles bifurcation (see [8-14] for example). In the case
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that (1.1) is a polynomial system, a well-known problem is to determine the least upper bound
of the number of zeros of ®. This is the weakened Hilbert’s 16*" problem (see [1]).

In this paper, we first state some preliminary lemmas that can be used to find the maximal
number of limit cycles by using zeros of ®. These lemmas are known results or based on known
results. Then, we study the global bifurcations of limit cycles for some polynomial systems, and
obtain the least upper bound for the number of limit cycles.

For Hopf bifurcation, we have the following lemma.

LEMMA 1.1. (See [5].) Let H(z,y) = K(z% + v*) + O(|z,y|®) with K > 0 for (x,y) near the
origin. Then, the function ® is of class C* in h at h = 0. If ®(h,aq) = K;(ag)h*+! + O(hF+2),
Ki(ag) # 0 for some ag € D, then (1.1) has at most k limit cycles near the origin for |e| +|a — ao|
sufficiently small

The following lemma is well-known result (see [2] for example).
LEMMA 1.2. If &(h,a0) = Ka(ao)(h — ho)® + O(|h — ho|**1), K2(ag) # 0 for some ap € D and
ho € (0, Hyp), then (1.1) has at most k limit cycles near Ly, for |€| 4+ |a — ag| sufficiently small.

Let Lo denote the origin and set

S= |J Ln (13)
0<h< Hy

It is obvious that S is a simply connected open subset of the plane. We suppose that the

function @ has the following form,

® (h,a) = I(h)N (h,a), (1.4)
where I € C™ for h € [0, Hy) and satisfles
I(0)=0, I'(0)#0, and I(h)#0, for h € (0, Hp). (1.5)

Using the above two lemmas, Xiang and Han [11] proved the next lemma.

LEMMA 1.3. Let (1.4) and (1.5) hold. If there exists a positive integer k such that for every
a € D the function N(h,a) has at most k zeros in h € [0, Hy) (multiplicities taken into account),
then for any given compact set V C S, there exists &g = £o(V') > 0, such that for all 0 < |¢| < &,
a € D the system (1.1) has at most k limit cyclesin V.

REMARK 1.1. As we know, if there exists ag € D, such that the function N(h,ao) has exactly &
simple zeros 0 < hy < --- < hy < Hy with N(0,a0) # 0, then for any compact set V satisfying
Ly, CintV and V C 8, there exists €0 > 0, such that for all 0 < |g] < &o,|a — ao| < €0, (1.1) has
precisely k limit cycles in V.

REMARK 1.2. The conclusions of Lemma 1.1 and Lemma 1.2 are local with respect to both the
parameter a and the set S, while the conclusion of Lemma 1.3 is global because it holds in any
compact set of S and uniformly in a € D.

2. THE NUMBER OF LIMIT CYCLES IN
A FAMILY OF POLYNOMIAL SYSTEMS

In this section, we consider a family of real planar polynomial systems of the form,
t=y(l+az+by+ecz(z?+7%)) +¢ Z ay, Ty,
0<et38n

§=—z(1+ar+by+cz(a®+y?)) +e }: b,y
0<+3<n

(2.1)

where a, b, ¢ are real with a? +b? # 0, and a,, b,, satisfy |a,y| < K, |b,| < K with K, a positive
constant and n, a positive integer. Let Br = {(a,y,b.,) | las,;| < K, |b,| < K}.



Download English Version:

https://daneshyari.com/en/article/9662380

Download Persian Version:

https://daneshyari.com/article/9662380

Daneshyari.com


https://daneshyari.com/en/article/9662380
https://daneshyari.com/article/9662380
https://daneshyari.com

