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h i g h l i g h t s

• A new and novel algorithm named Generalized Cross Entropy Model (GCEM) is proposed.
• GCEM estimates full joint distribution from marginal even with incomplete information.
• Existing maximum entropy procedures are shown to be just special cases of GCEM.
• Accuracy of GCEM is established and illustrated using actual empirical data.
• Article provides guide on how GCEM could be applied to diverse fields/areas.
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a b s t r a c t

Obtaining a full joint distribution from individual marginal distributions with incomplete
information is a non-trivial task that continues to challenge researchers from various
domains including economics, demography, and statistics. In this work, we develop a
new methodology referred to as ‘‘Generalized Cross Entropy Method’’ (GCEM) that is
aimed at addressing the issue. The objective function is proposed to be a weighted sum of
divergences between joint distributions and various references. We show that the solution
of the GCEM is unique and global optimal. Furthermore, we illustrate the applicability and
validity of the method by utilizing it to recover the joint distribution of a household profile
of a given administrative region. In particular, we estimate the joint distribution of the
household size, household dwelling type, and household home ownership in Singapore.
Results show a high-accuracy estimation of the full joint distribution of the household
profile under study. Finally, the impact of constraints and weight on the estimation of joint
distribution is explored.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Understanding household composition and profile of a geographic area is a burgeoning topic of research in the field
of demography and crucial in many aspects of urban planning [1–3]. Knowing, for example, the historical spatiotemporal
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trends in the demand for housing may allow city planners to gauge and project future demands, which not only affect
the required number of housing units but also the demands for other amenities such as schools, parks, roads, and public
transport [4].

The availability of census data has played a huge role in providing government agencies and other stakeholders with rich
information about the socioeconomic reports of individuals in a population. This allows them to project populations and
map out other provisions within an administrative region. On the other hand, these data are usually provided in aggregates
and under distinct and separate variables due to confidentiality reasons, and/or the large quantities of data involved [5]. In
order to know the household profile and composition, which is amulti-dimensionalmatter involving an amalgam of various
measures, such as household size, dwelling type, and ownership, one needs to recover the joint distribution of the quantities
under consideration.

The recovery of a joint distribution from incomplete information is a non-trivial task, and a key problem confronting
many statistical researchers [6–12]. The main difficulty lies in how to incorporate all relevant information and guaran-
tee the accuracy of the estimation. Methods like Bayesian [7,13], least square [6], and generalized method of moment [8],
have been proposed for estimating a full joint distribution with known low-order joint probability, and other related in-
formation. However, Bayesian method is limited to estimate joint distributions with relatively few free cells [8], while the
least squares method may lead to negative probability estimates [9]. On the other hand, the maximum entropy method
[9,10,14–16] demonstrates good accuracy and appropriately describes the dynamics of various statistical and physical
systems [17–21].

In this work, we develop a Generalized Cross Entropy Method (GCEM) to estimate a full joint distribution of a household
profile by formulating the household size (HS), household dwelling type (HD), and home ownership (HO) measures as
constraints, with the objective of minimizing a weighted sum of divergences between the estimate and a set of references.
The term GCEM stems from the objective function expressed as a weighted sum of cross entropy (CE) [22,23] and entropy.
The CE for discrete systems are described in Ref. [22], while for continuous systems it is reported in Ref. [23]. We show
that our proposed procedure is more general and flexible as it is built to incorporate multiple references. That is, existing
maximum entropy procedures [9,10,14–16] can be formulated as special cases of our framework. For purpose of illustration,
we use data from the Singapore Department of Statistics (SDOS) (http://www.singstat.gov.sg) and show that GCEM yields
high-accuracy estimation of the full joint distribution of the household profile.

The article proceeds as follows. In Section 2, we present the theoretical framework of GCEM. In Section 3, we illustrate
the efficacy and accuracy of GCEM in dealing with Singapore household data. This is then followed by a discussion on the
selection of constraints and weights in Section 4. Finally, summary and conclusions are provided in Section 5.

2. Generalized cross entropy method

2.1. Theoretical framework

Existing maximum-entropy methods are typically used for the recovery of joint distributions aimed at solving a well-
defined problem described by a known reference distribution. In the absence of a priori estimation of the joint distribution,
the reference is normally a uniform distribution (i.e., pure maximum entropy) [10]. The reference can be the product of the
marginal distributions [14], if the marginal is available, or the prior estimator of a joint distribution [15,16]. However, the
reference may not be the sole factor that needs to be considered as there may exist more than one prior estimate, which
can be in conflict with each other. To address this limitation, we propose here a Generalized Cross Entropy Method (GCEM)
where the objective function to be minimized is a weighted sum of divergences between the joint distribution and the
references. That is,
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wherep = [p1, . . . , pJ ]⊤ is the joint distributionwith J representing the dimension; qi = [qi1, . . . , qiJ ]⊤ is an initial estimate
of p; I is the number of references; ωi ≥ 0 (


i ωi ≤ 1) is the weight on qi, or the researcher’s belief on qi; A and B are

matrices, a and b are vectors, where Ap = a and Bp − b ≤ 0 represent the constraint conditions of the model.
The first term in Eq. (1) is a weighted sum of the Kullback–Leibler (KL) distance [24] between the joint distribution and

its prior estimates. Minimizing this term follows the minimum discrimination information (MDI) principle. This part is thus
denoted by EMDI(p, qi). The second term is a proportion of a negative entropy, i.e., the distance between the joint distri-
bution and a uniform distribution. To minimize this part, we follow the principle of maximum entropy (ME)[25] denoted
by EME(p).
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