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• We introduce and investigate new Jeffreys–Csiszár and Jensen–Csiszár f -divergences.
• We derive inequalities for such general divergences.
• We refine results by Crooks, Lin and Popescu et al. on Jeffreys and Jensen–Shannon divergences.
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a b s t r a c t

In this paper, Jeffreys–Csiszár and Jensen–Csiszár f -divergences are introduced and
studied. Some bounds of Crooks and Lin types for such divergences are provided. To this
end the concavity of the composition of monotone functions is discussed. Refinements of
the original inequalities by Crooks and Popescu et al. are given.
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1. Introduction

We begin with some notation.
Given a discrete probability distribution p = (p1, . . . , pn) the Shannon entropy [1,2] is defined by

H1 (p) =

n
i=1

pi ln
1
pi

(1)

with the convention 0 ln 1
0 = 0.

The q-logarithm function lnq for q ≥ 0, q ≠ 1, is defined by (see Ref. [1, p. 388])

lnq x =
x1−q

− 1
1 − q

for x > 0.

The q-exponential expq is the inverse of the q-logarithm function lnq given by (see Ref. [2, p. 281])

expq t = [1 + (1 − q)t]
1

1−q for 1 + (1 − q)t > 0.
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For q ≥ 0 and q ≠ 1, the Tsallis entropy [3,1,2] is given by

Hq (p) =

n
i=1

pi lnq
1
pi
. (2)

Given two discrete probability distributions p = (p1, . . . , pn) and r = (r1, . . . , rn), the Tsallis relative entropy [1,2] is
defined by

Dq (p|r) = −

n
i=1

pi lnq


ri
pi


for q ≥ 0 and q ≠ 1. (3)

For q = 1,

D1 (p|r) = −

n
i=1

pi ln


ri
pi


(4)

is the Kullback–Leibler information (relative entropy) [1].
The Jeffreys divergence [4,1] is defined by

J1(p|r) = D1 (p|r)+ D1 (r|p) , (5)

and the Jensen–Shannon divergence [5,1] is defined by

JS1(p|r) =
1
2
D1


p
p + r

2


+

1
2
D1


r
p + r

2


. (6)

The Jeffreys–Tsallis divergence [1] is given by

Jq(p|r) = Dq (p|r)+ Dq (r|p) , (7)

and the Jensen–Shannon–Tsallis divergence [1] is given by

JSq(p|r) =
1
2
Dq


p
p + r

2


+

1
2
Dq


r
p + r

2


. (8)

Theorem A (Crooks [6], Lin [7]). The following inequality holds:

JS(p|r) ≤ − ln
1 + exp


−

1
2 J(p|r)


2

≤
1
4
J(p|r). (9)

Theorem B (Furuichi and Mitroi [1]). The following inequality holds:

JSr(p|r) ≤ min


− lnr

1 + expq

−

1
2 Jq(p|r)


2

,
1
4
J 1+r

2
(p|r)


(10)

for 0 ≤ r ≤ q and 1 < q.

Theorem C (Popescu et al. [2]). The following inequality holds:

JSr(p|r) ≤ − lnr
1 + expq


−

1
2 Jq(p|r)


2

≤
1
4
Jq(p|r) (11)

for 0 ≤ r ≤ q and 1 < q.

Some further discussions on bounds for Jensen–Shannon divergence by using Jeffreys divergence can be found in Ref. [8].
Let f : I0 → R be a convex function on an interval I0 ⊂ R, and p = (p1, . . . , pn) and r = (r1, . . . , rn) be two discrete

probability distributions. The Csiszár f -divergence is defined by

Cf (p|r) =

n
i=1

pif


ri
pi


(12)

with the conventions 0f
 0
0


= 0 and 0f

 c
0


= c limt→∞

f (t)
t , c > 0 (see Ref. [9], cf. also Refs. [10,11]). Some operator

versions of the Csiszár f -divergence can be found in Refs. [10,11].
In the present paper we develop the above symmetrization framework by replacing the logarithm based divergences by

a family of Csiszár divergences. Therefore we now introduce the following notions.
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