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a b s t r a c t

The present work investigates the breakdown of the traditional modulational approxima-
tion in the three wave nonlinear interaction, the wave triplet interaction. A common way
to describe the interaction of three high-frequency carriers is to assume that amplitudes
and phases are slowly modulated. This is the basis of the modulational approach, which is
accurate when the three wave coupling is weak.We examine the types of dynamics arising
when the coupling rises from very small to large values. At large valueswe detect an abrupt
transition where the limited amplitude excursions of themodulational regime reachmuch
larger regions of the appropriate configuration space. Extensions to similar cases are also
investigated.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

One of the most well accepted and well established models for nonlinear wave interaction is based on the wave triplet
concept [1–4]. The wave triplet arises as an entity of physical significance, as one selects the threemost prominentmodes of
an oscillatory system and investigates the coupled dynamics of these selected modes as an isolated subsystem. In general,
one mode starts off with a sizeable energetic content, which is then periodically exchanged with the other two modes in a
resonant fashion.

Resonant conditions, thus a key ingredient for an active interaction of the modes, are defined as the matching conditions
for the high-frequencies of the slowly modulated carriers involved in the interaction. The decay of mode ‘‘1’’ into the other
two (‘‘2’’ and ‘‘3’’), for instance, is favoured when the resonant condition ω1 = ω2 + ω3 among the three high-frequencies
is observed [5].

One promptly sees that, in its canonical form, resonant conditions are heavily based on a clear separation of the time
scales referring to the high-frequency and the slow modulational dynamics.

There are however a number of cases where such a distinction between the time scales is not so clear. The fact is that
although the high-frequency tends to be a fixed parameter for each of the interacting modes, the low-frequency associated
to the modulational process grows with the amplitudes or the coupling strength of the involved waves. If at large enough
amplitudes or coupling strengths the modulational frequency becomes comparable to the frequency of the carriers, the
modulational approximation fails [6,7].

Plasma physics provides a known case where this scenario applies. In a plasma, Langmuir waves, which are modes
vibrating with a large frequency called plasma frequency, interact with lower frequency ion-acoustic waves [8,9]. For
extremely low amplitudes, wave coupling is small and the modulational frequency is smaller than the low-frequency of
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the ion-acoustic carriers. However, as one increases the mode amplitudes, the characteristic frequency of the ion-acoustic
modes becomes comparable to the modulational frequency and the slow modulational approach breaks down [10]. Other
cases involving different settings [11] point towards the same direction, so a thorough examination of the problem is of
relevance.

The modulational description of a wave system is a major achievement that simplifies an otherwise complicated
multimode dynamics. The full dynamics is simplified as it is averaged over rapidly varying wave phases of the carriers,
thus allowing the interaction to be examined in terms of statistically observable quantities.

In the present case we will focus attention on the problem of the interaction involving three oscillating modes purely on
time domain. Spatial dependence will be left aside and reserved for a future investigation. Resonant conditions involving
the carrier frequencies shall be enforced, but no assumptions on slowmodulational regimes shall be made a priori. This way
we will be able to construct a full set of equations and examine the transition from a genuine modulational regime up to
and beyond the breakdown of modulational approximations.

The paper is organized as follows: in Section 2 we discuss the basic physical model and introduce the corresponding full
set of equations we shall be working with; in Section 3 we obtain modulational approximations for the full set in a number
of relevant physical settings, compare the approximations with full simulations, and examine what happens beyond the
breakdown of the modulation approach. Finally, in Section 4 we draw our conclusions.

2. The physical model

2.1. Full Lagrangian

We start with the Lagrangian for three interacting modes 1, 2, and 3 in the form

L =
1
2

3
j=1


ẋ2j − ωj

2x2j −
ε2

2
x4j


− ε1x1x2x3. (1)

The natural frequencies of the three modes are denoted by ωj with j = 1, 2, 3. Parameter ε1 measures the intensity of
the triplet coupling, and ε2, which will be taken as a very small quantity, is introduced as the coefficient of a quartic term
which guarantees circumscription of the dynamics to finite regions of the phase-space. The Lagrangian is similar to models
used in the analysis of parametric resonances in highly nonlinear systems of three interacting modes [12]. The particular
form for the nonlinear potential chosen here allows to access the role of the three wave interaction. To see this we write
down the Euler–Lagrange equations for the three involved modes,

ẍi = −ω2
i xi − ε1xjxk − ε2x3i . (2)

In this compact notation, all the three indexes i, j, k running from 1 to 3 differ from each other. It becomes clear that the
dynamics of mode ‘‘i’’ is driven by the product term xjxk, the signature of the triplet interaction.

It is seen thatwe do not introduce either dissipation [13] or broad band effects [14] in ourmodel. Dynamics can be chaotic
and incoherent, but if so, exclusively due to the nonlinear effects of the three-degrees-of-freedom. Proper comparison with
dissipative chaos and broad band incoherence shall be deferred for a future investigation.

The main issue we intend to analyse here is the validity of the modulational approximation to the full Lagrangian
introduced by expression (1). Let us then dedicate the next section to this task in two instances.

3. The modulation approach and its comparison with full simulations

3.1. The modulational Lagrangian when ω1 ∼ ω2 ∼ ω3

The canonical framework amenable to the modulational approach is the one where all modes have carrier frequencies
with the same order of magnitude, all of which are much larger than the modulational frequencies of the corresponding
modal phases and amplitudes. As mentioned earlier, we will see that this requires sufficiently small values of the triplet
coupling coefficient ε1 for given mode amplitudes.

To implement the idea of slow modulations, we write each mode of the triplet in the form

xi =


2Ai(t)

ωi
sin (ωit + φi(t)) , (3)

where, in contrast to the uncoupled case where ε1 → 0, now the amplitude Ai and phase φi are assumed to acquire a slow
dependence on time satisfying Ȧi/Ai ∼ φ̇i/φi ∼ Ω ≪ ωi. The frequency Ω will be defined shortly and at this point can be
seen as a measure of the slow time scale of the problem.
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