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h i g h l i g h t s

• A novel two languages competitive model with state pulse control strategies is introduced.
• The model includes two control threshold values, it is different from the previous models.
• Sufficient conditions on the existence and stability of stable periodic solutions are presented.
• How the state-dependent pulse control strategies affect the endangered language is discussed.
• Numerical simulations are carried out to illustrate the theoretical results.
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a b s t r a c t

For reasons of preserving endangered languages, we propose, in this paper, a novel two-
languages competitive model with bilingualism and interlinguistic similarity, where state-
dependent impulsive control strategies are introduced. The novel control model includes
two control threshold values, which are different from the previous state-dependent im-
pulsive differential equations. By using qualitative analysis method, we obtain that the
control model exhibits two stable positive order-1 periodic solutions under some general
conditions. Moreover, numerical simulations clearly illustrate the main theoretical results
and feasibility of state-dependent impulsive control strategies. Meanwhile numerical sim-
ulations also show that state-dependent impulsive control strategy can be applied to other
general two-languages competitive model and obtain the desired result. The results indi-
cate that the fractions of two competitive languages can be kept within a reasonable level
under almost any circumstances. Theoretical basis for finding a new control measure to
protect the endangered language is offered.
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1. Introduction

Language diversity, one of the best examples of human intelligence, has been the object of scientific work from many
points of view, including physics andmathematics. Particularly, physicistsmodeled the language learning, language change,
and application as well as the structure of natural languages (see, e.g., Refs. [1–8] and the references therein). Among them,
the initial and simplest mathematical model of two languages competitions described by ordinary differential equations,
which was proposed by Abrams and Strogatz [9]. In it, they assumed that there is no spatial or social structure in the popu-
lations, in which all speakers are monolingual and the attractiveness of a language increase in both its number of speakers
and its perceived status. The theoretical results successfully fitted to historical data on the competition between Scottish
Gaelic and English, Welsh and English, and Quechua and Spanish, among others language pairings.

The truth, however, is that multilingual speakers outnumber monolingual speakers in some areas of the world. Multi-
lingualism is becoming a social phenomenon governed by the needs of globalization and cultural openness [10,11]. Owing
to the ease of access to information facilitated by the Internet, individuals’ exposure to multiple languages is becoming in-
creasingly frequent thereby promoting a need to acquire additional languages [12]. In Spain, for example, where Castilian
Spanish is the official language throughout the state, but in certain regions is co-official with another language (mainly
Galician, Basque, or Catalan). Individual bilingualism is common in communities with more than one official language. So
for this reason, Mira et al. [5,13] studied a generalization of the Abrams–Strogatz model that allows for bilingual as well as
monolingual speakers of the competitive languages, and that includes a parameter that represents the ease of bilingualism.

Throughout most of the history of languages, many languages appear, evolve and disappear. With partial regional results
tallied, the numbers of languages in theworld vary between 6000 and 7000. However, with the progress of the globalization,
thousands of the world languages are vanishing at an alarming rate, with 90% of them being expected to disappear with the
current generation as a result of language competition [14–19]. How to cope with the forceful language and preserve the
diversity and rich resources of the national language are a key issue worthy of exploration. In this regard, exploring an effec-
tive and easily implemented control measure to preserve some of the endangered languages is significant both theoretically
and practically.

In this paper, we intend to make a contribution by introducing an extended two-languages competitive model to assess
the impact of state-dependent impulsive control strategy.We focus on a controlmodel of two-languages competition that al-
lows bilingualism introduced in Ref. [5] andwhosemost interesting results also were derived in Refs. [13,20–22]. By analyz-
ing the model, we investigate how state-dependent impulsive control strategy protects some of the endangered languages.

The remaining parts of this paper are structured as follows. In the next section, we introduce a novel two-languages
competitive model with state-dependent impulsive control strategies. Section 3 provides the existence and orbital stability
of positive periodic solutions for this model. Numerical simulations are carried in Section 4 for illustration. Some concluding
remarks are described in Section 5.

2. The model and preliminaries

A classical autonomous two-languages competitive model was developed by Mira et al. [5,13]. In this model, the total
population is divided into language X speakers, language Y speakers and bilingual speakers B, whose dynamics are modeled
by the standard system of differential equations

dx
dt

= yPYX + bPBX − x(PXY + PXB)

dy
dt

= xPXY + bPBY − y(PYX + PYB)

db
dt

= xPXB + yPYB − b(PBY + PBX )

(1)

with

PXB = ck(1 − s)(1 − x)a, PBX = PYX = c(1 − k)s(1 − y)a,
PYB = cks(1 − y)a, PBY = PXY = c(1 − k)(1 − s)(1 − x)a

(2)

where, letters x, y refer to the fractions of two languages speakers in population, respectively, b denotes the fraction of
bilingual speakers (with x + y + b = 1), c is a normalization factor related to the time scale, a is the power parameter, s
denotes the relative status of language X and by 1 − s that of language Y , and k is the probability that the disappearance of
a monolingual speaker of language X (respectively Y ) will be compensated for by the appearance of a bilingual rather than
by a monolingual speaker of language Y (respectively X). The model determined by Eq. (1) with the probabilities given by
Eq. (2) has been studied extensively, and some of them can be found in Refs. [23,5,13,21,7] and the references therein.

Generally speaking, for two competitive languages, when the fraction of one language in the population is higher, then
the other languagewill face the risk of gradually vanishing. That is, one is the dominant language and the other as the endan-
gered language. In this case, the relevant government departments or other organizations could take deliberate reasonable
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