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h i g h l i g h t s

• Open flow network is a directed weighted network with source and sink.
• We define flow distances on open flow networks.
• New explicit expressions of flow distances on open flow networks are given.
• We compare different distances on collected energetic food webs.
• We study the centrality and clustering of industries on the input–output network.
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a b s t r a c t

An open flow network is a weighted directed graph with a source and a sink, depicting flux
distributions on networks in the steady state mode of an open flow system. Energetic food
webs, economic input–output networks, and international trade networks are open flow
networkmodels of energy flows between species,money or value flows between industrial
sectors, and goods flows between countries, respectively. An open flow network is differ-
ent from a closed flow network because it considers the flows from or to the environment
(the source and the sink). For instance, in energetic food webs, species obtain energy not
only from other species but also from the environment (sunlight), and species also dissi-
pate energy to the environment. Flow distances between any two nodes i and j are defined
as the average number of transition steps of a random walker along the network from i to
j. The conventional method for the calculation of the randomwalk distance on closed flow
networks cannot be applied to open flow networks. Therefore, we derive novel explicit ex-
pressions for flow distances of open flow networks according to their underlying Markov
matrix of the network in this paper. We apply flow distances to two types of empirical
open flow networks, including energetic food webs and economic input–output networks.
In energetic food webs, we visualize the trophic level of each species and compare flow
distances with other distance metrics on the graph. In economic input–output networks,
we rank sectors according to their average flow distances and cluster sectors into different
industrial groups with strong connections. Other potential applications and mathematical
properties are also discussed. To summarize, flow distance is a useful and powerful tool to
study open flow systems.
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1. Introduction

A large number of studies have proven that a complex network is a powerful and useful tool to model complex systems
[1–4]. However, due to the limitation of the traditional graphs for describing the complexity of various real systems,
weighted networks [5,6], directed networks [7], bi-partite graphs [8], multiplexes [9,10], and temporal networks [11] have
emerged as novel extensions of the conventional graphs in the past decade. Among these, an open flow network is a partic-
ular type of directed weighted network that depicts an open flow system.

Most complex systems are open, and they exchange energy and material with their environment [12]. Energy and
material flows are delivered to each unit of a system by the flow network [13,14]. In open flow networks, two special nodes
named the source and the sink are introduced and represent the environment. The existence of the inflows from the source
and the outflows to the sink indicates the openness of the network. Because the flow system considered should be in a steady
state mode, the flow network is always balanced which means that the total inflow of each node equals its total outflow,
except for the sink and the source.

An energetic food web is a typical open flow network that has been studied for several years by system ecologists. The
seminal work of H.T. Odum [15,16] has depicted complicated energy flow transactions between two species as an energy
circuit. A group of indicators have been proposed to quantify the properties of this open flow network [17–20], and numeric
common properties have been discovered [21–25]. Patten et al. proposed a systematic ‘‘Ecological Flow Analysis’’ method
to investigate energetic flow networks [26,27].

Indeed, many basic ideas and approaches of flow analysis on energetic food webs were inherited from the economic
input–output analysis method [28], which was first proposed by the famous economist Leontief [29,30]. To quantify the
complex economic production processes and the interaction between different economic sectors, an input–output matrix is
calculated for an economic system to represent goods flows [31,32]. Following Leontief’s seminal work, Hanon introduced
basic notions such as the fundamental matrix to ecology for describing the energy flows between species [33]. Therefore, an
input–output matrix can also be regarded as an open flow network [34]. Money flow from the final demands compartment
circulates in different sectors of an economic system and eventually flows to the value added compartment (or goods flow in
an inverse direction). Thus, the value-added compartment can be regarded as the sink, and final demands can be regarded
as the source. The money flow from industry i to industry j is always measured by the uniform currency unit; therefore,
the total out flow from the source equals the total inflow to the sink and is identical to the gross domestic output of an
economy [31,32]. Other examples of open flow networks include clickstream networks [35,36] and trade networks [37]. In
summary, an open flow network is a very useful tool for depicting various open flow systems.

Distance on graph is a very useful concept [38]. The shortest path distance [39], the resistance distance [40] and the
mean first-passage distance of a random walker [41–44] can reflect the intrinsic properties of the graph. However, the
conventional first-passage distance on a graph is based on the basic assumption that the whole network is closed, which
means the randomwalker cannot escape from the network; thus, the total number of walkers on the graph is conservative.
Nevertheless, the open flow network is an open system. Random walkers can flow into the system from the source and
flow out to the sink. The total number of walkers staying in the network can also be conservative if the flow system is in a
steady state. Therefore, the traditional method for a closed system cannot simply be extended to open flow networks. It is
necessary to extend the distance notions for open flow networks.

This paper is organized as follows. In Section 2, the flow distance quantities from i to j are defined. The explicit form
of each flow distance is expressed in Section 2.3. Section 2.4 shows how the distance matrix is calculated on an example
flow network. In Section 3.1, we apply our method to energetic food webs, visualize each species by its trophic level, and
compare different distances on the foodwebs. The applications of flow distances on input–output networks including sector
clustering and vertex centrality are introduced in Section 3.2. Finally, we give a short summary for all of the paper and the
perspective of flow distances in Section 4.

2. Flow distances

In this section, we will present the definitions and calculations of flow distances. Three flow distances, namely, first-
passage flow distance, total flow distance, and symmetric flow distance, are defined. They can all be expressed by using the
Markov matrix of the open flow network. To obtain the final expressions, some intermediate concepts including total flow
and first-passage flow are introduced.

2.1. Definitions

Consider an open flow network with N common nodes. Two special nodes are added, namely, ‘‘source’’ denoted by 0
and ‘‘sink’’ denoted by N + 1. An (N + 2) × (N + 2) matrix F can be used to represent flows, and each entry fij, where
i, j ∈ 0, 1, 2, . . . ,N + 1, represents the flow from node i to node j. Note that the elements in the first column and the last
row are all equal to zero because there is no inflow to the source and no outflow from the sink. We also define fi· =

N+1
j=0 fij

as the total outflow from i and f·j =
N+1

i=0 fij as the total inflow to j. In our research, the flow network should be balanced,
which means that f·i = fi· for every node i except ‘‘source’’ and ‘‘sink’’. Particularly, we name fi,N+1, which is the flow from i
to the sink, dissipation.
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