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a b s t r a c t

When a vehicle moves through a series of green lights, avoiding red signals in a two-
dimensional (2d) city traffic network, the vehicle describes a characteristic trajectory
(green-light path) and the travel time has aminimal value. The green-light path depends on
the cycle time, split, signal-control strategy, and fluctuations of vehicular speed. We clarify
the effect of speed fluctuations on a green-light path in a 2d traffic network controlled by
signals. Even if an extremely small quantity of speed fluctuation is added, the green-light
path changes greatly. It is shown that the root-mean square (RMS) of the deviation from
the mean path depends highly on the cycle time. Also, the dependence of the green-light
path on the speed-fluctuation strength is shown under a constant value of cycle time.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Recently, vehicular traffic has attracted considerable attention [1–5]. The traffic flow, pedestrian flow, and bus-route
problem have been studied from a point of view of statistical mechanics and nonlinear dynamics. Many observed dynamical
phenomena in vehicular traffic have been successfully reproduced with physical methods [6–15].
In urban traffic, vehicles are controlled by traffic lights to give priority for a road and to insure the safety because they

meet at crossings. The traffic characteristic depends highly on the control strategy of traffic lights. In real city traffic, the
traffic lights are controlled by either synchronized or green-wave strategies. In the synchronized strategy, all the signals
change simultaneously and periodically where the phase shift has the same value for all signals. In the green-wave strategy,
the signal changes with a certain time delay between the signal phases of two successive intersections. The change of traffic
lights propagates backward like a green wave.
One has studied the periodic traffic controlled by a few traffic lights [16,17]. Also, few works have been done for the

traffic of vehicles moving through an infinite series of traffic lights with the same interval [18–22]. The operator is able
to control the traffic signal by the use of the other strategy. The various methods of traffic control have been investigated
[23,24]. The vehicular traffic depends highly on the signal’s strategy only for a low density [25].
For city traffic, vehicles do notmove on a single roadway but go on a two-dimensional traffic network controlled by traffic

lights. When a driver selects a path in the 2d traffic network, the travel time depends on the selected path. If a driver wishes
to move without a destination as soon as possible, he goes through a series of green-light signals. Then, the travel time has
a minimal value. The vehicle draws a characteristic trajectory which depends on both the control strategy and the signal’s
characteristics.We call the trajectory the green-light path. In the previous letter [24], the dependence of the green-light path
on the signal’s characteristics has been clarified at the synchronized and random-phase strategies. Generally, the vehicular
speed fluctuateswhen the vehicle goes through the city. The travel time varieswith the speed’s fluctuationwhen the vehicle
moves between the traffic lights. By the difference of the travel time, the vehicle meets red or green lights at the crossing.
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The green-light path drawn by the vehicle changes with the time difference. Thus, the green-light paths will depend on the
fluctuation of vehicular speed. However, little has been known how the green-light path depends on the speed fluctuation
(noise). If one finds out the green-light path and his destination is close to the arrival point, he will arrive at his destination
faster. Also, the green-light path is closely connected with the Brownian motion in the case of the random-phase strategy.
Therefore, it is important and necessary to know the green-light path.
In this paper, we study the effect of speed fluctuations on the green-light path in the two-dimensional traffic network

controlled by traffic lights.We present the stochasticmodel for the vehicularmotion through the sequence of green lights by
avoiding red signals.We clarify the dependence of green-light paths onboth speed fluctuation and the signal’s characteristics
at the synchronized strategy.

2. Stochastic model

We consider the motion of a single vehicle going on a 2d city traffic network. The 2d traffic network is made of one-
way perpendicular streets arranged on a square lattice with traffic lights where vertical streets are oriented upwards and
horizontal streets are oriented rightwards. The traffic lights change from red (green) to green (red) with a fixed time period
(1− sp)ts (spts). The period of green is spts and the period of red is (1− sp)ts. Period ts is called as the cycle time. Fraction sp
represents the split which indicates the ratio of the green time to the cycle time. All signals on vertical (horizontal) streets
change simultaneously. The signals change alternately from horizontal streets to vertical streets.
If the driver wishes to go ahead as soon as possible, the minimal travel time is achieved by going ahead through a series

of green lights. If the signal on a horizontal (vertical) street is red, the vehicle on the horizontal (vertical) street turns and
goes ahead on the vertical (horizontal) street because the signal on the vertical (horizontal) street is green. Thus, the vehicle
moves through the series of green lights by avoiding red signals. The vehicle draws a trajectory depending on the signal’s
characteristics and vehicular speed. We call the trajectory as the green-light path.
The traffic lights on a green-light path are numbered, from upstream to downstream, by 1, 2, 3, . . . , n, n + 1, . . .. The

traffic lights are positioned with the same interval on the square lattice where the interval between signals n and n + 1 is
indicated by l. The Manhattan distance between the origin and signal n is given by nl. The vehicle moves with speed v(n)
between traffic light n and its next light n + 1. The vehicular speed varies from position to position. Therefore, the travel
time between two signals it takes to move fluctuates from signal to signal. The mean speed between two signals is given
by such a value that the signal interval is divided by the travel time. When the mean speed varies from position to position
randomly, it is uncorrelated with that at other positions. The speed is given by

v(n) = v0 + v′(n), (1)

where v0 is the mean speed not depending on position, v′(n) is the speed’s fluctuation between signals n and n + 1,
〈v′(n)〉 = 0, and 〈v′(n)v′(m)〉 = 〈v′2〉δnm. Here, δnm = 1 for n = m and δnm = 0 for n 6= m.
We consider the synchronized strategy. In the synchronized strategy, all the traffic lights change simultaneously from

red (green) to green (red) with a fixed time period (1− sp)ts (spts). All signals change periodically with period ts.
The arrival time t(n+1) at signal n+1 is given by t(n+1) = t(n)+l/v(n).Weuse the dimensionless time T (n) = t(n)v0

l for
time t .Weuse the dimensionless position (X(n), Y (n)) for position (x(n), y(n)) of the vehicle at signalnwhereX(n) = x(n)/l
and Y (n) = y(n)/l. The position of the vehicle at signal n+ 1 is given by

X(n+ 1) = X(n)+ 1− H
(
T (n)+ Tphase(X(n), Y (n))− Ts int

(
T (n)+ Tphase(X(n), Y (n))

Ts

)
− spTs

)
, (2)

Y (n+ 1) = Y (n)+ H
(
T (n)+ Tphase(X(n), Y (n))− Ts int

(
T (n)+ Tphase(X(n), Y (n))

Ts

)
− spTs

)
, (3)

T (n+ 1) = T (n)+ v0/v(n), (4)

where Tphase(X(n), Y (n)) = tphase(x(n), y(n))v0/l, and Ts = tsv0/l. H(T ) is the Heaviside function: H(T ) = 1 for T ≥ 0 and
H(T ) = 0 for T < 0. H(T ) = 1 if the traffic light on the horizontal (vertical) street is red (green), while H(T ) = 0 if the
traffic light on the horizontal (vertical) street is green (red). All signals change periodically with period Ts.
The dimensionless cycle time increases linearly with the mean speed. Therefore, the effect of speedup corresponds to an

increase of cycle time.
For the synchronized strategy, the phase shift is Tphase = 0 for all signals. If sp = 0.5, Eqs. (2)–(4) reduces to the following

X(n+ 1) = X(n)+ H(sin(2πT (n)/Ts)), (5)

Y (n+ 1) = Y (n)+ 1− H(sin(2πT (n)/Ts)), (6)

T (n+ 1) = T (n)+ v0/v(n). (7)

Label n indicates the n-th signal on the green-light path. The distance from the origin to signal n is given by nlwhere l is
the signal’s interval. We normalized the Manhattan distance by interval l. The normalized Manhattan distance is given by
n. Also, the vehicle moves without stopping at signals. The time it takes to move between a signal and its nearest-neighbor
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