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a b s t r a c t

Previous studies on thermal engine models and energy-converting biological systems
have shown that some of the parameters affecting their thermodynamic performance
also affect their dynamic stability. In some cases, such parameters represent a tradeoff
between these two generic properties. In the present work we carry out a similar analysis
on a simple model for an enzymatic reaction. Despite its simplicity, this model captures
the essential characteristics of numerous biochemical reactions where an endothermic
reaction is made possible by coupling it (via an enzyme) with an exothermic reaction.
Our results indicate that the global reaction chemical potential gap (1) affects both the
thermodynamic properties and stability of the steady state. Larger1 values imply a higher
power output and a higher efficiency, but also a less strongly stable steady state.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

An optimally performing energy-converting system should fulfill at least two different sorts of good design principles:
the system has to be dynamically robust, and it has to have optimal thermodynamic properties. Dynamic robustness is
important because it allows the system to maintain its function despite internal and external perturbations. The robustness
of a system usually manifests itself by the existence of a strongly stable dynamic attractor, that can be either a stable steady
state or a stable (oscillatory) limit cycle. On the other hand, having a dynamically robust energy-converting system is not
enough. The steady-state operation regime needs to have optimal thermodynamic properties as well: high power output,
high efficiency, low entropy production, etc.
Recent studies on finite-time thermodynamic engines and heat pumps have shown that their stability and their ther-

modynamic performance are often governed by the same parameters. Indeed, the system stability usually weakens as its
thermodynamic properties improve [1–13]. In consequence, such parameters need to be tuned to achieve an optimal trade-
off between favorable thermodynamic and dynamic properties. Similar studies on the stretch-reflex regulatory pathway
and on a simple Brownian motor have confirmed these findings [14,15], in agreement with the notion that good design
principles are usually shared by both artificial and biological systems [16].
We analyze in this work the stationary thermodynamic properties and the stability of a simple model for an enzymatic

reaction. Despite its simplicity, such a model captures the essential characteristics of numerous biochemical reactions
in which an endothermic reaction is made possible by coupling it (via an enzyme) with an exothermic reaction. These
considerations make us believe that the present work results are relevant in a biological context.
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Fig. 1. Chemical potential profile necessary for the reactions in (1) to proceed forwards.

This paper is organized as follows: In Section 2 we introduce the enzymatic reaction model. In Section 3 we find the
model steady state and analyze its stability locally. Finally, we discuss the obtained results in Section 4.

2. Model development

Definitions

Consider the following reaction scheme which corresponds to an endothermic reaction coupled with ATP hydrolysis
(which is exothermic) via an enzyme [17].

E + X + ATP 
 EP : X + ADP 
 E : Y + Pi + ADP 
 E + Y + Pi + ADP. (1)

Due to the free energy balance, the resulting global reaction is exothermic. The chemical species in (1) are as follows: E
denotes the enzyme, X is the substrate of the endothermic reaction, Y corresponds to the endothermic reaction product,
EP : X indicates the complex formed by the phosphorylated enzyme and substrate X , E : Y represents the complex formed
by the enzyme and the product Y , ATP is adenosine triphosphate, ADP means adenosine diphosphate, and Pi corresponds to
inorganic phosphate.

Reaction kinetics

Let Si (i = 1, . . . , 4) denote the ith state along the reaction sequence (1), and let µi be the corresponding chemical
potential. In order for the reaction to proceed forwards it is necessary that µ1 > µ2 > µ3 > µ4. That is, the chemical
potential profile must be like that pictured in Fig. 1. Bear in mind that intermediate states coincide with local minima of
chemical potential [18].
From Arrhenius equation, the net velocities for the three reaction in (1) are [18]:

νi = ξi
(
e−hi/RT − e−(hi+µi−µi+1)/RT

)
,

where i = 1, 2, 3, R is the gas constant, and T is the temperature. After factorizing exp(−hi/RT ) the above equation can be
rewritten as

νi = Ai
(
1− e−(µi−µi+1)/RT

)
,

with Ai = ξi exp(−hi/RT ).
For the sake of simplicity assume that A1 = A3 = A and define α = A2/A. These assumptions allow us to rewrite the

chemical reaction velocities as

ν1 = A
(
1− e−(µ1−µ2)/RT

)
, (2)

ν2 = αA
(
1− e−(µ2−µ3)/RT

)
, (3)

ν3 = A
(
1− e−(µ3−µ4)/RT

)
. (4)

Assume now that the substrate and end-product concentrations are kept fixed, and that ATP is constantly synthesized
from ADP and Pi, so thatµ1 andµ4 remain constant. Conversely,µ2 andµ3 freely evolve until the system reaches the steady
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