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Abstract

The aim of this paper is to illustrate how the stability of a stochastic dynamic system is measured using the Lyapunov
exponents. Specifically, we use a feedforward neural network to estimate these exponents as well as asymptotic results for
this estimator to test for unstable (chaotic) dynamics. The data set used is spot electricity prices from the Nordic power
exchange market, Nord Pool, and the dynamic system that generates these prices appears to be chaotic in one case since the
null hypothesis of a non-positive largest Lyapunov exponent is rejected at the 1 per cent level.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The aim of this paper is to illustrate how the stability of a stochastic dynamic system is measured using the
Lyapunov exponents. Specifically, we use a feedforward neural network to estimate these exponents as well as
asymptotic results for this estimator to test for unstable (chaotic) dynamics, where a positive exponent is an
operational definition of chaos. The data set used is spot electricity prices from the Nordic power exchange
market, Nord Pool.

The estimation of the Lyapunov exponents using a feedforward neural network can be found in earlier
studies such as Dechert and Gencay [1], Gencay and Dechert [2], McCaffrey et al. [3] and Nychka et al. [4].
The estimation of these exponents has been proved to be quite accurate when applying chaotic series with
additive noise in simulations. However, the statistical properties of the Lyapunov exponent estimator were
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unknown until Shintani and Linton’s 2004 paper (see Ref. [5]), and without the statistical distribution for this
estimator, no statistical conclusion can be drawn on the dynamic structure of the empirical data.

This paper applies the statistical distribution derived in Shintani and Linton [5] to test the stability of spot
electricity prices from Nord Pool, and the stochastic dynamic system that generates these prices appears to
be chaotic in one case since the null hypothesis of a non-positive largest Lyapunov exponent is rejected at the
1% level.

The rest of this short paper is organized as follows: the Lyapunov exponents are in focus in Section 2, the
empirical illustration is carried out in Section 3, and Section 4 concludes the paper with a remark.

2. The Lyapunov exponents

The aim of this section is fourfold: (i) to define the Lyapunov exponents of a stochastic dynamic system; (ii)
to motivate why these exponents provide a measure of the stability of a stochastic dynamic system; (iii) to
demonstrate how the Lyapunov exponents can be estimated from time series data; and (iv) to demonstrate
how hypothesis tests of these exponents can be constructed.

2.1. Definition of the Lyapunov exponents

As argued in Bask and de Luna [6,7], and to be further explained in Section 2.2, the Lyapunov exponents
can be used in the determination of the stability of a stochastic dynamic system. Specifically, assume that the
stochastic dynamic system, f : R” — R", generating, for example, asset returns is

Sert =f(S) + €44, (D
where S; and ¢ are the state of the system and a shock to the system, respectively, both at time
te€[l,2,...,00]. For an n-dimensional system as in (1), there are n Lyapunov exponents that are ranked from

the largest to the smallest exponent:
Mzdaz - 2, ()

and it is these exponents that provide information on the stability properties of the dynamic system fin (1).

Now, how are the Lyapunov exponents in (2) defined? Temporarily, assume that there are no shocks to the
dynamic system f'in (1), and consider how the system amplifies a small difference between the initial states Sy
and S

S; = S, = f7(So) — f/(Sp) 2 Df/(So)(So — S). 3)

where f7(So) = f(- - - f(f(Sy)) - - ) denotes j successive iterations of the dynamic system starting at state Sy, and
where Df is the Jacobian of the system:

Df7(So) = Df (S;-1)Df (Sj-2) - - - Df (So)- (4)

Then, associated with each Lyapunov exponent, /;, i € [1,2,...,n], there are nested subspaces U’ C R" of
dimension n 4+ 1 — i with the property that

J
o = tim 222 S0l _
J—>0o0 J

1 ,

lim = " log, | Df (Sl (5)
jmoe j =
for all Sy € U' — U™'. Due to Oseledec’s multiplicative ergodic theorem, the limits in (5) exist and are
independent of Sy almost surely with respect to the measure induced by the process {S;}72, . Then, allow for
shocks to the dynamic system fin (1), meaning that the aforementioned measure is induced by a stochastic
process.

'See Guckenheimer and Holmes [8] for a careful definition of the Lyapunov exponents and their properties.
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