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Abstract

We propose a discrete fractional random transform based on a generalization of the discrete fractional Fourier
transform with an intrinsic randomness. Such discrete fractional random transform inheres excellent mathematical
properties of the fractional Fourier transform along with some fantastic features of its own. As a primary application,
the discrete fractional random transform has been used for image encryption and decryption.
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1. Introduction

It is well known that the mathematical trans-
forms from time (or space) to frequency domain
or joint time—frequency domain, such as Fourier
transform, Winger distribution function, wavelet
transform and more recent fractional Fourier trans-
form, etc. have long been powerful mathematical
tools in physics and information processing. For in-
stance, Fourier transform has been the basic tool for
signal representation, analysis and processing, im-
age processing and pattern recognition. In physics
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the Fourier transform describes well the Fraunhofer
(far field) diffraction of light and thus has been the
fundamental of information optics [1]. More re-
cently, in the research of quantum information,
Fourier transform algorithm has been adopted as
an effective and fundamental algorithm in quantum
computer [2]. Wavelet transform is a kind of win-
dowed Fourier transform (Gabor transform), how-
ever with variable size of the windows [3]. Therefore
wavelet transform has been an extremely powerful
toolin signal representation in time—frequency joint
domain with multi-resolution capability, and has
been extensively used in image compression, seg-
mentation, fusion and optical pattern recognitions.

The significance of mathematical transforms
manifests itself further when the fractional Fourier
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transform was re-invented in 1980s [4,5] and be-
came active from 1990s after its physical interpre-
tations were found in optics [6-8]. Actually at the
beginning, Namias tried to solve Schrodinger
equations in quantum mechanics using fractional
Fourier transform as a tool with little notice in
community. However, the fractional Fourier
transform has found itself in real physical pro-
cesses of light propagation in a graded index
(GRIN) fiber, which is equivalent to a near field
diffraction of light, Fresnel diffraction, with a qua-
dratic factor. Thus the fractional Fourier trans-
form can be easily realized in a bulk optical
setup consisting of lenses. The fractional Fourier
transform provides various of new mathematical
operations which are useful in the field of optical
information processing. And because fractional
Fourier transform also is a kind of time—frequency
joint representation of a signal [9], it has found
extensive applications in signal and image process-
ing [10].

The discrete forms of mathematical transforms
have been extremely useful in applications, espe-
cially in signal processing and image manipulations.
In fact, discrete transforms can approximate their
continuous versions with high precision, meanwhile
with high computation speed and lower complexi-
ties. Needless to say, Discrete Fourier transform
(or FFT) and discrete wavelet transform have been
widely used in different kinds of applications. Re-
cently, discrete fractional Fourier transform
(DFrFT) and the relevant discrete fractional cosine
transform (DFrCT) have been proposed [11,12].
We have used this fast algorithm of fractional Fou-
rier transform in the numerical simulations of im-
age encryption and optical security [13,14].

As we have demonstrated that the extension
of fractional Fourier transform have many differ-
ent kinds of definitions according to how we
fractionalize the Fourier transform [15], the
DFrFT may also have different kinds of ver-
sions. In our researches of optical image encryp-
tion, we ask naturally the question, is there any
possibility that the DFrFT be random? We have
been motivated in searching such a random
transform because then the image encryption
process could be simplified by a single step of
transform. Recently we found that, from the

generalization of DFrFT, we can construct a dis-
crete fractional random transform (DFRNT)
with an inherent randomness. We demonstrate
that such DFRNT has excellent mathematical
properties as the fractional Fourier transforms
have. And moreover it has some fantastic fea-
tures of its own. We have also demonstrated that
the DFRNT is a very efficient tool in digital im-
age encryption and decryption with a very high
speed of computation. The open questions left
are concerning with the physical analogies of
DFRNT and its further applications, which we
are considering now.

We discuss the mathematical definition and
properties of DFRNT and provide numerical
simulation results of the DFRNT’s for one-dimen-
sional and two-dimensional signals in the following
sections in details.

2. Mathematics of the discrete fractional random
transform

We begin our discussions from the definition of
DFrFT proposed by Pei et al. [11]. A one-dimen-
sional DFrFT can be expressed as a matrix—vector
multiplication

Xy(n) = F'x(n), (1)

where x(n) is the input vector which has N ele-
ments, F* is the kernel transform matrix and o is
the fractional order. When o« =1, the DFrFT
becomes the DFT as X(n) = Fx(n), with matrix F
indicating the kernel matrix of DFT.

The transform matrix is defined as follows.
Firstly, because the fractional Fourier transform
has the same eigenfunctions with the Fourier
transform, we can calculate the eigenvectors {V;}
(j=1,2,...,N) of DFrFT with a real transform
matrix S of discrete Fourier transform which is de-
fined as follows [16]where w = 2n/N. The matrix S
actually is not the kernel transform matrix F of the
discrete Fourier transform (DFT). However, the
matrix S commutes with matrix F, i.e. SF =FS.
Thus the eigenvectors of S are also the eigenvec-
tors of F, only they correspond to different eigen-
values. Because the matrix S is symmetrical, the
eigenvectors {V;} are all real and orthonormal to
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