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Abstract

In a first paper we proposed a continuum model for the dynamics of systems of self propelling particles with kinematic

constraints on the velocities. The model aims to be analogous to a discrete algorithm used in works by T. Vicsek et al.

[Phys. Rev. Lett. 75 (1995) 1226]. In this paper we prove that the only types of the stationary planar solutions in the model

are either of translational or axial symmetry of the flow. Within the proposed model we differentiate between finite and

infinite flocking behavior by the finiteness of the kinetic energy functional.
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1. Introduction

The dynamics of systems of particles subjected to nonpotential interactions remains poorly understood. The
absence of a Hamiltonian for such systems, which generally are far from equilibrium, hampers applying the
machinery of statistical mechanics based on the Liouville equation. Many attempts have been made to
investigate these systems using discrete algorithms to model this behavior. In nature there are many examples
of such systems [1]. Since the discrete algorithms are hard to describe analytically it is natural also to consider
continuum models of a hydrodynamic type. In standard hydrodynamics the relation between microscopic
kinetics (Boltzmann-type equations) and Navier–Stokes equations is a standard topic of research [2]. For the
systems of interest the construction of corresponding kinetic equations based on the specific dynamic rules and
their connection with the hydrodynamics equations seems to be unknown so far and is worth studying.

There are some hydrodynamic models which are based on the extension of Navier–Stokes equation [3,4].
There the additional terms which break the Gallilean invariance of the Navier–Stokes equation were
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introduced, but the specific connection with the microscopic (discrete) interactions between the particles is not
established. Our continuum model is based on the equations which reflect the nonpotential character of the
interactions and the presence of kinematic constraints imposed on the motion of self propelling particles.

In our first paper [5] we proposed a hydrodynamic model which can be considered to be the continuum
analogue of the discrete dynamic automaton proposed by T. Vicsek et al. [6] for a system of self propelling
particles. It uses the continuity equation

qnðr; tÞ

qt
þ divðnðr; tÞ vðr; tÞÞ ¼ 0, (1)

which implies that the total number of particles

N ¼

Z
nðr; tÞdr (2)

is constant. The kinetic energy of a co-moving volume

T ¼
1

2

Z
nðr; tÞv2ðr; tÞdr (3)

is also conserved

d

dt
T ¼ 0. (4)

Using Eqs. (1) and (4) it can be shown that a field x exists such that the Eulerian velocity, vðr; tÞ; satisfies:

d

dt
vðr; tÞ ¼ xðr; tÞ � vðr; tÞ. (5)

This equation can be considered as the continuous analogue of the conservative dynamic rule used by T.
Vicsek et al. [6].

We proposed the following ‘‘minimal‘‘ model for the field of the angular velocity xðr; tÞ which is linear in
spatial gradients of the fields nðr; tÞ or vðr; tÞ:

xðr; tÞ ¼
Z

K1ðr� r0Þnðr0; tÞ rot vðr0; tÞdr0 þ

Z
K2ðr� r0Þrnðr0; tÞ � vðr0; tÞdr0. (6)

The x has the proper pseudovector character. The averaging kernels K1ðr� r0Þ and K2ðr� r0Þ should naturally
decrease with the distance in realistic models. They sample the density and the velocity around r in order to
determine xðr; tÞ. In the first paper we concentrated on K1. The detailed derivation of the above equations
from the discrete models based on the automaton proposed by Vicsek et al. [6,7] will be the subject of a future
paper.

Note that the models based on Eqs. (1)–(6) allow solutions of uniform motion in the form of a solitary
packet:

nðr; tÞ ¼ n0ðr� v0tÞ (7)

with v0 independent of position and time. The contribution to x due to K1 is zero for an arbitrary density
distribution n0. The contribution due to K2 is zero for density distributions n0 which only depend on the
position in the v0 direction. In this second case it follows from the continuity equation that n0 should be
everywhere constant. The density distribution n0 should be chosen such that the number of particles, and,
correspondingly, the total kinetic energy are finite. The solutions of such type also were found analytically in
[8] and observed in simulations [9]. Note that such solutions exist not only in nonlocal case like in Ref. [8] but
also for the local model which we consider below.

Within the first order of perturbation theory on small deviation of density and velocity fields the solitary
solution given by Eq. (7) shows neutral stability; i.e., the perturbations grow linearly for small t.

We restrict our discussion to the simple case of averaging kernels, which are d-functions:

Kjðr� r0Þ ¼ sjdðr� r0Þ; where j ¼ 1 or 2. (8)
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