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Abstract

The recently developed fast Fourier factorization method resolves linear Maxwell equations in a truncated Fourier

basis using correct factorization rules. In nonlinear optics, Maxwell equations present a discontinuous product of two

simultaneously discontinuous functions for which no rule of factorization applies. Using an iterative method which

avoids such a type of factorization, we extend the fast Fourier factorization method to nonlinear optics. We demon-

strate the good convergence of the method by studying deep metallic gratings with grooves filled with a nonlinear mate-

rial, illuminated in TM polarization with a high intensity plane wave.
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1. Introduction

Numerical analysis of periodic media using the
differential method requires the projection of

Maxwell equations on a truncated basis. It is

now well known that the method of factorization

of a product of two functions in a truncated Fou-

rier basis [1,2] and more generally on any trun-

cated basis of continuous functions (e.g. Bessel

functions [3]), depends on the continuity of the

functions and their product. The Laurent�s rule
gives the Fourier components of a product of

two functions in an infinite Fourier basis. As

soon as the Fourier basis is truncated, the Lau-

rent�s rule, then called ‘‘direct rule’’ presents a

bad convergence with respect to the number of

Fourier components involved, when the two func-

tions of the product are simultaneously discontin-

uous. If their product is continuous, it exists
another rule, called ‘‘inverse rule’’, which gives
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rapidly converging results. Established in 1996 in

a truncated Fourier basis by Li [1] and recently

extended in any truncated basis of continuous

functions [3], this rule enabled a new formulation

of the differential theory of diffraction by periodic
media [4]. The new method, called ‘‘fast Fourier

factorization’’ (FFF) [2,4] has drastically im-

proved the convergence of the differential method

when applied to metallic gratings in TM polariza-

tion [4]. However, when the two functions and

their product are simultaneously discontinuous,

no rule of factorization could enable a good con-

vergence [1], so that the results given by both the
direct and the inverse rule have a poor conver-

gence. This is the case in nonlinear optics, when

gratings consisting of optically nonlinear materi-

als are considered. In that case, the vector nonlin-

ear polarization can be expressed as the product

of a tensor of nonlinear susceptibility by the elec-

tric field vector taken at a given power. At the

grating surface, the three last functions are simul-
taneously discontinuous. In that case, the repre-

sentation of the Fourier components of the

product in terms of the two other function Fou-

rier components, using direct or inverse rule is

poorly converging. Thus, the factorization of

the discontinuous product of discontinuous func-

tions has to be avoided. This paper proposes a

method to deal with this problem. The nonlinear
problem is treated through an iterative process

with respect to the nonlinearity, solving a linear

diffraction problem at each iteration step. In the

linear diffraction problem, the use of the fast

Fourier factorization method allows for the spa-

tial reconstruction of the electric field. The deter-

mination of the dielectric permittivity for the next

iteration step, is done at any point of the coordi-
nate space from the spatial distribution of the

electric field and the nonlinear susceptibility, the

latter being zero outside the nonlinear domain

and constant inside it. The next iteration resolves

a linear diffraction problem with a new spatial

distribution of the dielectric permittivity and the

fast Fourier transform (FFT) algorithm is then

used to find its Fourier components. Such a proc-
ess, i.e. the calculation of the Fourier components

of the dielectric permittivity from its reconstruc-

tion in the coordinate space avoids the factoriza-

tion of a product of type (3) enounced by Li,

namely a discontinuous product of two discontin-

uous functions.

The paper is structured in the following manner.

In Section 2, we present the nonlinear Maxwell
equations (Section 2.1) from which we deduce the

relation between the nonlinear dielectric permittiv-

ity and the electric field. Once this relation obtained,

we present the iterative method with respect to the

nonlinear dielectric permittivity (Section 2.2). We

use the FFF method to calculate at each step the

Fourier components of the electric field using the

direct and the inverse rule (Section 2.3). We have
then to calculate for the next iteration the Fourier

components of the nonlinear dielectric permittivity.

Once the theoretical method is presented, we

show numerical experiments on deep metallic grat-

ings made of nonlinear media illuminated in TM

polarization (Section 3.1). Such a configuration re-

quires the use of the FFF method in linear optics.

First, we show the convergence of the presented
method as a function of the number of Fourier

components as it was done in linear optics with

the FFF method and the classical differential

method (Section 3.2). Then, we study the conver-

gence of the method with respect to the number

of iterations (Section 3.3). Then, once the conver-

gence of the method is proved, we study nonlinear

effects in metallic gratings illuminated by a plane
wave with a high amplitude to obtain large nonlin-

ear effects (Section 3.4).

2. Resolution of nonlinear Maxwell equations using

the factorization rules in a truncated Fourier basis

2.1. Maxwell equations in nonlinear optics

Formally, Maxwell equations are the same in

linear and nonlinear optic

curlEðr; tÞ ¼ � oBðr; tÞ
ot

; ð1Þ

curlHðr; tÞ ¼ oDðr; tÞ
ot

; ð2Þ

but a nonlinearity will arise from the behaviour of

the medium. We consider in this study media with-
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