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Modeling nano-indentation tests of glassy polymers
using finite elements with strain gradient plasticity
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Abstract

It is widely reported that when an indentation test is carried out at the submicron level, the materials display strong size effects, which
alter the mechanical properties from their bulk characteristics. Classical plasticity theory is unable to account for this phenomenon. It has
been shown that introducing the strain gradient plasticity theory in the analysis is able to capture successfully the size effects of various
materials. The present study adopts a constitutive model for the viscoelastic–plastic deformation of glassy polymers, incorporates the effects
of strain gradient plasticity and implements them via user subroutines in the commercial general purpose finite element package, ABAQUS.
It is demonstrated that the strain gradient effect has to be considered into the adopted constitutive model in order to better describe the
viscoelastic–plastic response of polymers at submicron indentations. The study also covers the two approaches of deriving the values of the
effective strain gradient (i) via indentation geometry and (ii) directly from finite element nodal displacement parameters. Comparison of results
obtained from both approaches show good agreement with existing experimental values in all cases covered in the present study. The latter,
as expected, provides slightly more accurate solutions as compared to the test results than the former but at marginally higher computing time
and resources.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Material characterization based on indentation techniques
has gained popularity in the past decade, largely due to
the improved capabilities of indentation instruments and the
necessity to perform the tests on a small volume of materi-
als such as those on thin film coatings, MEMS and NEMS.
Numerical analyses are able to model the indentation experi-
ments with reasonable accuracy and are thus used extensively
in the extraction of mechanical properties from the indenta-
tion curves. Some examples using finite element simulations
in material characterization are those by Giannakopoulos and
Suresh[1] and Dao et al.[2]. The latter proposed a forward
and reverse analysis scheme, which was extended by Swad-
diwudhipong et al.[3] who suggested employing results from
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dual indenters to ensure unique solutions in material charac-
terization.

A group of materials, which commands a vast interest is
the polymeric group. Polymers have been widely adopted
to replace traditional materials such as metals and ceramics
in various applications. The materials have been employed
extensively, especially those in optical-electronics, comput-
ing and chemical industries. They have also gained impor-
tance in biomaterials applications, where the properties of
materials are of primary concern to ensure no premature fail-
ure in the human’s body. The growing maturity of material
characterization techniques using indentation experiments,
coupled with the rising importance of polymers in small
volume applications leads to a surge in interest in indenta-
tions of polymers[4–7]. Larsson and Carlsson[8] and van
Melick et al. [9,10] have employed indentation finite ele-
ment simulations in the investigation of polymeric material
properties.
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Many researchers have reported the presence of strong
size effects in crystalline materials when the material length
scale is of the same order of magnitude as the characteristic
length associated with non-uniform plastic deformation. For
example, when diameters of copper wires are reduced from
170 to 12�m, the torsional resistance increases significantly
while changes in the tensile strength are negligible[11]. Sim-
ilar phenomena are reported by Stolken and Evans[12] and
Haque and Saif[13] in micro-bend tests. Size effects are also
observed in indentation tests at submicron level[14,15].

Dislocations formed during the deformation of crystalline
materials have been proposed to account for the size effects.
Fleck and Hutchinson[16] as well as Arsenlis and Parks
[17] reported the dependence of dislocations on the effec-
tive plastic strain gradient. Such gradient type of theories
require the determination of intrinsic material length scales
[18]. Aifantis and co-workers[19–21]studied and proposed
the elasto-viscoplasticity for the constitutive equations of
clay. The theoretical concept for single-crystal viscoplastic-
ity incorporating strain gradient plasticity was developed by
Gurtin[22]. The framework for small-deformation viscoplas-
ticity was presented by Gurtin[23] and then by Saczuk et al.
[24] for large-deformation problems. Abu Al-Rub and Voyi-
adjis [25] employed a micromechanical model that assesses
a non-linear coupling between statistically stored dislocation
and geometrically necessary dislocation densities, linking the
microscopic strain gradient effects to plastic deformations
of an equivalent macroscopic continuum. Expression for the
intrinsic length-scale parameter is obtained in terms of mea-
surable microstructural parameters.

Acharya and Bassani[26] proposed a constitutive model
incorporating gradient type non-local measures for rate inde-
pendent plasticity through the instantaneous hardening mod-
uli. Based on the balance laws in non-local theory, Chen et
al. [27–29]adoptedC0 finite elements with both translational
and rotational nodal displacements. The numerical results
of thin wire torsion, micro-bend tests and micro-indentation
with size effects are identical to classical local theories pre-
sented earlier by Eringen[30,31]. Recently, Huang et al.[32]
presented a meso-scale conventional theory of mechanism
based strain gradient (CMSG) plasticity theory taking into
account the size effects for crystalline materials.

Compared to crystalline materials, there are limited stud-
ies on polymeric deformations at nano-scale. This may be
due to the time dependent mechanical properties of polymeric
materials, which complicate the testing procedures as well as
the accuracy and interpretation of results. From the literature
review, however, there is a general trend that the hardness
of polymeric materials increases with decreasing indenta-
tion depth. This phenomenon is observed near the surface of
the polymeric materials. Above a certain threshold indenta-
tion depth, the hardness remains fairly constant[33–37]. Lam
and Chong[38] proposed a strain gradient plasticity theory
for polymers to explain the above phenomenon. Based on
the polymer model proposed by Argon[39], an analogy was
made between the dislocations in metals and kink bands in

polymers. The results based on their plasticity law for glassy
polymers were later compared with experimental data show-
ing a satisfactory agreement[40].

In this paper, the finite element method is used to simu-
late the indentation tests on glassy polymeric materials. The
behavior of materials at micron and submicron indentations is
investigated. The viscoelastic–plastic constitutive model for
glassy polymers by Govaert et al.[41] is adopted in the anal-
yses. Size effects are incorporated in the constitutive relation
through the strain gradient plasticity. Both approximate strain
gradient expressions based on the geometry of the inden-
ter and the indentation depth proposed by Lam and Chong
[38] and those derived directly from displacement field in
finite element analyses[42] are employed in the study. The
latter involves the strain gradient expressions explicitly evalu-
ated from the appropriate displacement shape functions. The
results from the two different approaches in obtaining the
values of the effective strain gradient are compared and dis-
cussed.

2. Constitutive model for glassy polymers

The yield behavior of polymers under a multiaxial state of
stress based on the Eyring equation[43] was proposed by sev-
eral researchers including Ward[44] and Duckett et al.[45].
Govaert et al.[41] and Tervoort et al.[46,47] adopted the
above approach and the compressible Leonov model to pro-
pose the viscoelastic–plastic constitutive relation for glassy
polymers. The Govaert’s constitutive model is adopted and
incorporated in the user subroutine of the finite element pack-
age ABAQUS[48], which was employed in the analyses of
the simulated indentation tests carried out in the present study.
For completeness, a brief description of this constitutive rela-
tion is summarized in this section.

The total Cauchy stressσ of the model is decomposed into
a driving stresss and a hardening stressr:

σ = s + r (1)

The hardening stressr based on a neo-Hookean strain hard-
ening relationship is expressed as:

r = GRB̃d
(2)

whereGR is the strain hardening modulus andB̃d
is the devia-

toric component of the left Cauchy–Green strain tensor. This
hardening stress is to account for the hardening behavior of
glassy polymers and is dependent on the total deformation.

The driving stresss can be decomposed into hydrostatic
sh and deviatoricsd components.

s = sh + sd = K(J − 1)I + GB̃d
e (3)

J =
√

det(GB̃d
e) (4)

◦

B̃e = (Dd − Dp) · B̃e + B̃e · (Dd − Dp) (5)
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