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Abstract

Gohmann, Kliimper and Seel derived the multiple integral formula of the density matrix of the XXZ Heisenberg chain at
finite temperatures. We have applied the high temperature expansion (HTE) method to isotropic case of their formula in a
finite magnetic field and obtained coefficients for several short-range correlation functions. For example, we have
succeeded to obtain the coefficients of the HTE of the third neighbor correlation function (0707,3) for zero magnetic field
up to the order of 25. These results expand our previous results on the emptiness formation probability [Z. Tsuboi, M.
Shiroishi, J. Phys. A: Math. Gen. 38 (2005) L363-L370, condmat/0502569.] to more general correlation functions.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Gohmann, et al. [1] derived (see also Refs. [2-5]) a multiple integral formula of matrix elements of a density
matrix of a finite segment of arbitrary length m of the anti-ferromagnetic spin % XXZ Heisenberg infinite chain
at finite temperature in a finite magnetic field by combining the quantum transfer matrix approach [6-10] and
the algebraic Bethe ansatz technique. Their formula generalizes the multiple integral formulae for zero
temperature [11-13] to finite temperature case. This is a fundamental quantity since thermal average of any
operators acting nontrivially on the segment of length m can be expressed in terms of their formula. Thus it is
an important problem to perform this multiple integral and extract concrete numbers from it. Their formula
contains an auxiliary function, which is a solution of a nonlinear integral equation. This nonlinear integral
equation is essentially same as the one for the free energy [8,9]. Thus to evaluate their formula consists of two
nontrivial tasks: to solve the nonlinear integral equation and to integrate the multiple integrals. In our
previous paper [14], we applied the high temperature expansion (HTE) method to a multiple integral formula
[3] of the emptiness formation probability P(m) for the XXX model, which is the probability of m adjacent
spins being aligned upward, and succeeded to obtain the coefficients of P(3) up to the order of 42. As for zero
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magnetic field case, there is also numerical calculation [15] for the multiple integral for m = 2, 3. The purpose
of this paper is to expand our previous results on the HTE for P(m) [14] to more general correlation functions
for the spin % isotropic Heisenberg chain in a magnetic field /. In Section 2, we introduce the multiple integral
formula of the matrix elements of the density matrix [1]. In Section 3, we evaluate this multiple integral by the
HTE method. Based on the result of the HTE of the density matrix, we will calculate the HTE of two point
correlation functions (3.1)—(3.3). In particular for zero magnetic field case, we have succeeded to obtain the
coefficients of the HTE of a third neighbor correlation function up to the order of 25 (cf. Eq. (3.10)). Section 4
is devoted to concluding remarks.

2. Integral representation of the density matrix

The Hamiltonian of the spm—— isotropic Heisenberg chain in a magnetic field / is given as
L
H:J;(qfq;‘+]+a}aj+l+a Ti) — 220’, (2.1

where a7, o; , 0; are the Pauli matrices which act nontrivially on the jth lattice site in a chain of length L. Here
the periodic boundary condition o"+L = ak is assumed.

Let us introduce 2 x 2 matrices:
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These matrices are embedded into the space (C*)® on which the Hamiltonian (2.1) acts:
e/;c — [®0-D ® e“ ® [®(L*j)’ (2.3)
where I = el + ez, o, ﬁ e{l,2}andj € {1,2,...,L}. The above Pauli matrices can be written in terms of these
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matrices: o7 = el + e, o] = iej, — e, 0; e“ ej3. We also put o = ejr and o = ¢

Gohmann, et al. [1] derlved an mtegrdl representation of the density matrix of the XXZ chain at finite
temperature 7. The isotropic (XXX) limit of their formula is given as follows:
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where a(v) and G(v, &) are solutions of the following integral equations.

2J dy log(1 + a(y))
e T A vy 2
- v 1 609
G, &) = (v—é)(v—é—i)+/c T T3P T+a0)" (2.6)

Here (o)L, and (B, are sequences of 1 or 2. We define the number of 1 in (x,)), as |«*| and the position n
of jth 1 in (o), as ocj Dol = 1, 1<of <oy < - <oc|(x+| <m. We also define the number of 2 in (f,),_, as |f”|

and the position n of jth 2 in (8,),_, as f; : ,B,;— =2, 1<By <Py <--- <Bjp-;<m. We shall put 'o?j’L = ocr;+|7j+1

for je{l,2,...,]a"|} and B = By forj € {lat] + 1, ]| +2,...,]et| + |f7|}. The contour C surrounds
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