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Abstract

In ten space–time dimensions the number of Majorana–Weyl fermions is not conserved, not only during the time evolution,
but also by rotations. As a consequence the empty Fock state is not rotationally symmetric. We construct explicitly the sim-
plest singlet state which provides the starting point for building up invariant SO(9) subspaces. The state has non-zero fermion
number and is a complicated combination of the 1360 elementary, gauge invariant, gluinoless Fock states with twelve fermions.
Fermionic structure of higher irreps of SO(9) is also briefly outlined.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Supersymmetric Yang–Mills quantum mechanics
(SYMQM) emerge from the dimensional reduction
of corresponding field theories to a single point in
the (D − 1)-dimensional space[1,2]. Resulting sys-
tems are characterized by two parameters:D—the di-
mensionality of the space–time of the unreduced the-
ory, andN—the number of colors specifying a gauge
group. Dependence on the gauge coupling follows
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from the simple rescaling of a finite number of degrees
of freedom. The whole family (for variousD andN )
reveals a broad range of very interesting phenomena
and has many applications in seemingly distant areas
of theoretical physics[3–14]. Perhaps the most known
example is the conjectured relevance of theD = 10
system, at largeN , to the M-theory[15–17].

A series of results has been recently obtained for
theD = 2 andD = 4, SU(2), models with the aid of
the cut Fock space approach[18–20]. In this Letter we
address theD = 10,N = 2 system[21] and construct
explicitly the SO(9) singlet state which replaces the
empty Fock state sufficient in lower dimensions. This
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state is highly non-trivial due to the non-conservation
of the Majorana–Weyl fermion number in ten dimen-
sions.

The Hamiltonian reads[1,21]

H = HK + HP + HF ,

HK = 1
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There are 27 bosonic coordinatesxi
a , and their mo-

mentapi
a , i = 1, . . . ,9, a = 1,2,3. Fermionic degrees

of freedom compose a Majorana–Weyl spinor in the
adjoint representation of the SU(2) gauge group,ψα

a ,
α = 1, . . . ,16. Γ k are 16× 16 subblocks of the big
(32× 32) Dirac αk matrices in chiral representation.
In all explicit calculations we use the representation of
Ref. [22].

The system has the internal Spin(9) rotational sym-
metry generated by the gauge invariant angular mo-
mentum
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with
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After the dimensional reduction, the local gauge in-
variance amounts to the global invariance under the
SU(2) rotations generated by the color angular mo-
mentum
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Furthermore, the Hamiltonian, Eq.(1), is invariant un-
der,N = 1, ten-dimensional supersymmetry with 16
Majorana–Weyl generators
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Supersymmetry requires imposing both Weyl and Ma-
jorana conditions on the 32-dimensional spinor. To
identify explicitly fermionic degrees of freedom, we
construct big(32 × 32) Dirac α matrices following

Ref. [22]. In chiral representation they are block di-
agonal, hence we restrict ourselves to one chirality.1 It
is well known that both Majorana and Weyl conditions
can be simultaneously imposed only inD = 2 (mod 8)
space–time dimensions. Consequently the Majorana
matrix turns out to be block diagonal as well, and we
can impose Majorana condition in one chirality sub-
block. Finally, a solution of the Majorana condition,
in chiral representation, has a simple form

(6)

ψT
a = (

f 1, f 2, f 3, f 4, f 5, f 6, f 7, f 8, f 8†,−f 7†,

f 6†,−f 5†,−f 4†, f 3†,−f 2†, f 1†)
a

with f † and f being the standard, anticommuting,
fermionic creation and annihilation operators. There-
fore, the ten-dimensional supersymmetric Yang–Mills
quantum mechanics, with SU(2) gauge group has 24
fermionic degrees of freedom.

2. The cut Fock space approach

There exists surprisingly powerful method to com-
pute the complete spectrum and eigenstates of polyno-
mial Hamiltonians with a “reasonably” large number
of degrees of freedom[18]. It was applied successfully
to theD = 2 andD = 4 SYMQM with 6 and 15 de-
grees of freedom respectively[19,20]. In the latter case
many new properties of this system were uncovered,
including identification of dynamical supermultiplets,
computation of their energies, wave functions, etc.
Ten-dimensional system can also be attacked with this
approach. Presumably the high accuracy of Ref.[20]
could not be matched at the moment, but the recur-
sive technique developed there offers a real possibil-
ity for some quantitative results. However, the ten-
dimensional system is more complex, also on the more
fundamental level. Namely, the fermion number is not
conserved by the Hamiltonian, and also by the SO(9)

rotations, Eq.(2) [1]. In this work we address this diffi-
culty in some detail and propose one possible solution.

In order to better illustrate the problem, we briefly
sketch the method of Refs.[18–20]. Since the Hamil-
tonian, Eq.(1) is a simple function of creation and an-
nihilation operators, it is convenient use the eigenbasis

1 Compared to Ref.[22] simple similarity transformation is re-
quired to bring bigα matrices to this form.
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