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Selfduality ofd = 2 reduction of gravity coupled to aσ -model
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Abstract

Dimensional reduction in two dimensions of gravity in higher dimension, or more generally ofd = 3 gravity coupled to a
σ -model on a symmetric space, is known to possess an infinite number of symmetries. We show that such a bidimensional
model can be embedded in a covariant way into aσ -model on an infinite symmetric space, built on the semidirect product of
an affine group by the Witt group. The finite theory is the solution of a covariant selfduality constraint on the infinite model.
It has therefore the symmetries of the infinite symmetric space. (We give explicit transformations of the gauge algebra.) The
usual physical fields are recovered in a triangular gauge, in which the equations take the form of the usual linear systems which
exhibit the integrable structure of the models. Moreover, we derive the constraint equation for the conformal factor, which is
associated to the central term of the affine group involved.
 2005 Published by Elsevier B.V.

1. Introduction

Dimensional reduction of gravity in dimension
d = 4 to d = 2 enlarges the group of symmetries to
an infinite group[1], which has been related to the
integrable structure of the theory[2,3]. The sym-
metry group appeared to be an affine Kac–Moody
group[4–6]. Furthermore, it was shown that this struc-
ture was shared by a full class of theories, such as
supergravities, which in dimension three reduce (for
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the bosonic sector) to a symmetric spaceσ -model cou-
pled to gravity[4,5,7].

In addition to the scalars which describe aG/H

σ -model, the (bosonic) degrees of freedom of these
models consist of a dilatonρ and the conformal factor
λ = eσ of the metric. The equations of motion are, in
conformal gauge,

(1)d∗ dρ = 0,

(2)∇(ρ ∗ P) = 0

(P and∇ are precisely defined below) with in addition
a first order constraint on the conformal factor,

(3)∂±ρ∂±σ̂ = 1

2
ρ〈P±,P±〉.
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whereσ̂ = σ − 1
2 ln(∂+ρ∂−ρ). We choose a Lorentzian

spacetime for exposition; it is not hard to adapt the re-
sults for a Euclidean one.

In [8,9], the symmetry of such a theory was en-
larged to the full semidirect product of the Witt group
and an affine Kac–Moody group. The fields are infi-
nitely dualised and live in an infinite coset

(4)M = W � G∞

K � H∞ .

In this formalism, the equations of motion come from
linear systems which are imposed as constraints in a
triangular gauge.

Here, following [10], which deals with the flat
spaceσ -model, we restore the infiniteK�H∞ gauge-
invariance: we define the finite, constrained model
through a covariant selfduality equation on the infinite
tower of fields. Previously known Lax pairs are recov-
ered as consequences of this constraint when we go
into the triangular gauge. This gives a formulation of
the d = 2 theory very analogous to the oxidised ver-
sions (d � 3) [11–13].

We also derive the constraint for the conformal fac-
tor from the selfduality constraint. Whereas for other
fields the duality involves a Hodge dualisation, it is
worth noticing that this is not the case for the confor-
mal factor, associated to the central term of the group.

In Section2, we describe the infinite symmetric
spaceM and the algebraic structures involved. In Sec-
tion 3, we define the duality operator and we show that
a selfduality constraint can be imposed and is covari-
ant with respect to the infinite gauge algebra trans-
formations. Finally, we fix the gauge in Section4 to
recover the physical content of the theory, and we de-
rive the Lax pair equations associated to the dynamical
fields of the model, together with the conformal factor
constraint.

2. Infinite σ -model structure

Following [8], we consider fields in an infinite-
dimensional symmetric space

(5)M = W � G∞

K � H∞ .

W is the “group” of diffeomorphisms of the real line,
G∞ is the affine extensionG(1) of the simple groupG

andK � H∞ is the subgroup of fixed points ofW �

G∞ under some involution.
Explicitly, G∞ is the set of pairs(g(t), a) where

g(t) is a map fromR
×+ to G anda is a positive real

number. The group law is

(6)

(
g1(t), a1

)(
g2(t), a2

) = (
g1(t)g2(t), a1a2e

Ω(g1,g2)
)
,

whereΩ is a group 2-cocycle (see[6]). The Lie alge-
bra is the affine Kac–Moody algebrag∞ with analytic
functionsb(t) with values ing and in addition a cen-
tral chargec; commutation relations are

(7)
[
b1(t), b2(t)

] = [
b1(t), b2(t)

]
g

+ ω(b1, b2)c,

whereω is a 2-cocycle of the loop algebra (see[6,14]).
Here, it is defined as

ω(b1, b2) = 1

2

∮
C1

dt
〈
∂tb1(t), b2(t)

〉

(8)+ 1

2

∮
C2

dt
〈
∂tb1(t), b2(t)

〉
,

whereC1 andC2 are two contours exchanged and re-
versed undert → 1/t , avoiding singularities[6].

W is, at least formally, the group Diff+(R×+) of an-
alytic diffeomorphisms of the real line preserving the
orientation. We see it as Laurent seriesf (t) with the
law group given by composition:

(9)(f1 ◦ f2)(t) = f1
(
f2(t)

)
.

Its Lie algebra is the real Witt algebra with generators
Ln = tn+1∂t (n ∈ Z) and commutation relations

(10)[Lm,Ln] = (n − m)Lm+n.

The semidirect productW �G∞ is given by triples
(f, g, a) ∈ W × G∞ with product law

(f1, g1, a1)(f2, g2, a2)

(11)= (
f1 ◦ f2, (g1 ◦ f2)g2, a1a2e

Ω(g1◦f2,g2)
)
.

The subgroupK � H∞ consists of fixed points un-
der an involutionτ�, which is given by an involution
onW

(12)τW :f (t) → 1

f (1/t)
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