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Abstract

The lineal structure of an entangled polymer of lengthL is simulated by a potential,V = ḟ (s)ϑ , where,ḟ = df/ds,
0 � s � L, andf (s) a modulating function. Entanglement probabilities calculated for two cases, (a)f (s) = k cos(νs), and
(b) f (s) = ksp, show a significant influence of chirality or “handedness”.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The presence of chirality, or “handedness”, in sub-
stances at the molecular level has been a puzzling
issue in biochemistry. It is known, for instance, that
amino acids in the proteins of living organisms are
of the “left-handed” kind, and that all the chiral sug-
ars in carbohydrates are “right-handed”. The chirality
of amino acids, in turn, manifests in the handedness
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of the helical structures of the proteins they form. To
what extent chirality influences the folding and un-
folding of macromolecules is a question worth inves-
tigating. Moreover, the process in which information
contained in the constituent units is used to form the
three-dimensional structure of the macromolecule also
requires elucidation. This would allow us to under-
stand better how the amino acid sequence on most
proteins determines its globular shape, or the way in
which a protein chain folds up, in order to carry out its
biological function. It appears instructive, therefore, to
look at physical models which can incorporate some of
the curious characteristics observed in a macromole-
cule such as,
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(1) the ability of a macromolecule to use the one-
dimensional sequence of data in its repeating units
to influence its globular structure, and,

(2) the way in which chirality can influence the three-
dimensional structure of a polymer.

We study these features in this Letter by consid-
ering the process in which a polymer winds around
another polymer[1–4]. We simulate the data con-
tained in the repeating units of the entangled polymer
by using a potential of the form,V = ḟ (s)ϑ , where
ḟ = df/ds, and ϑ is an angular variable about the
z-axis. Here,f (s) is a modulating function where,
0 � s � L, and L is the length of the polymer. In
particular, we look at two cases (a)f (s) = k cos(νs),
and (b) f (s) = ksp, wherek is a positive constant
and p = ±1,±2,±3, . . . . We shall also see that for
any modulating functionf (s), the “handedness” of the
winding polymer has a significant effect on the entan-
glement probabilities.

2. Brief review of a generic case

Let us take a polymer which entangles around a
straight polymer oriented along thez-axis. To evalu-
ate the entanglement probabilities, one can consider
a projection of the entangled polymer on the plane
perpendicular to thez-axis. A topologically equivalent
situation, however, is to consider the entangled poly-
mer to lie on the plane. If we now take the intersection
of the straight polymer with the plane to be at the ori-
gin, the entangled polymer on the plane can be viewed
as a two-dimensional random walk[2]. We can then
investigate the various configurations of the random
walk on the plane which starts atr0 and ends atr1,
in the presence of a singularity at the origin where the
straight polymer is located. The various paths of the
random walk can go around the origin clockwise or
counterclockwise giving rise to an interesting problem
with topological constraints. Employing polar coordi-
natesr = (r,ϑ) for this problem, Edwards[2] used the
Wiener representation of the random walk in which the
probability is represented by,

(2.1)P(r1, r0) =
∫

exp

[
−1

l

L∫
0

(dr/ds)2 ds

]
D2[r],

where the integral is taken over all pathsr(s) such
that r(0) = r0 andr(L) = r1. Here, we represent the
polymer as consisting ofN freely hinged individual
molecules, each of lengthl such thatL = Nl. In view
of the point singularity, a set of topologically equiva-
lent configurations can be characterized by a winding
numbern, wheren = 0,±1,±2, . . . , indicating the
number of times the polymer turns around the straight
polymer intersecting the plane at the origin (n � 0,
signifiesn turns counterclockwise, andn � −1 means
|n + 1| turns clockwise).

Since we are interested in the number of possible
windings around the origin that the polymer on the
plane undergoes, we can simplify the calculation by
fixing the radial variable tor = R, i.e., r = (R,ϑ),
and useϑ to track the number of turns, clockwise or
counterclockwise, around the origin. We note that a
fixed radial part describes the entanglement scenario
in the low temperature limit[4] for any polymer inter-
action potentialV (r) which has a minimum at some
value r = R. This is what we refer to as the generic
case where Eq.(2.1) reduces to,

(2.2)

P(ϑ1, ϑ0) =
∫

exp

[
−1

l

L∫
0

R2
(

dϑ

ds

)2

ds

]
D[R dϑ],

with, ϑ1 = ϑ(L) andϑ0 = ϑ(0). This was evaluated
in Ref. [1] using white noise analysis with the result,

(2.3)P(ϑ1, ϑ0) =
+∞∑

n=−∞
Pn,

wherePn is the probability function for polymer con-
figurations which entanglen times around the origin
given by,

(2.4)

Pn =
√

R2/lLπ exp
[−(

R2/lL
)
(ϑ0 − ϑ1 + 2πn)2].

An application of Poisson’s sum formula also gives the
total probability function,

P(ϑ1, ϑ0)

(2.5)

= 1

2π

+∞∑
m=−∞

exp
[−im(ϑ0 − ϑ1) − m2(lL/4R2)].

Note that them in Eq. (2.5) is not anymore the wind-
ing numbern of Eq. (2.3). Settingϑ0 = ϑ1 for an
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