
Physics Letters A 339 (2005) 33–38

www.elsevier.com/locate/pla

Stochastic description of the dynamics of a random-exchange
Heisenberg chain

M.H. Vainsteina, R. Morgadoa, F.A. Oliveiraa, F.A.B.F. de Mourab,c,∗,
M.D. Coutinho-Filhob

a Instituto de Física and Núcleo de Supercomputação e Sistemas Complexos, ICCMP, Universidade de Brasília,
CP 04513, 70919-970 Brasília, DF, Brazil

b Laboratório de Física Teórica e Computacional, Departamento de Física, Universidade Federal de Pernambuco,
50670-901 Recife, PE, Brazil

c Departamento de Física, Universidade Federal de Alagoas, 57072-970 Maceió, AL, Brazil

Received 18 June 2004; received in revised form 24 January 2005; accepted 23 February 2005

Available online 11 March 2005

Communicated by A.R. Bishop

Abstract

We study the diffusion process in a Heisenberg chain with correlated spatial disorder, with a power spectrum in the momentum
space behaving ask−β , using a stochastic description. It establishes a direct connection between the fluctuation in the spin-wave
density of states and the noise density of states. For continuous ranges of the exponentβ, we find superdiffusive and ballistic
spin-wave motions. Both diffusion exponents predicted by the stochastic procedure agree with the ones calculated using the
Hamiltonian dynamics.
 2005 Published by Elsevier B.V.

PACS: 63.50.+x; 63.22.+m; 62.30.+d

1. Introduction

In the last decades, a considerable number of dy-
namical systems have been studied and a great deal of
attention has been paid to the analysis of their trans-
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port properties. In particular, the study of diffusion and
transport properties of physical systems with short or
long-range correlations in the disorder distribution has
attracted a renewed interest[1–12]. For instance, the
unexpected high conductance of several doped quasi-
one-dimensional polymers was explained by assuming
pairwise correlations in the disorder distribution[3].
Similarly, the suppression of Anderson localization
was recently confirmed experimentally in semicon-
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ductor superlattices with correlated disorder[13]. Fur-
ther, it was demonstrated that long-range correlations
in site also act towards the delocalization of 1D qua-
siparticle states[10,11]. The 1D Anderson model with
long-range correlated diagonal disorder displays a fi-
nite phase of extended states in the middle of the band
of allowed energies, with two mobility edges sepa-
rating localized and extended states[10]. This result
was experimentally validated by microwave transmis-
sion spectra through a single-mode waveguide with
inserted correlated scatterers[14]. The above results
have motivated the study of other model systems that
can be mapped onto the Anderson model, such as mag-
netic[15] and harmonic chains[16].

In the context of stochastic processes, Morgado et
al. [1], studied diffusion in systems with long-range
time correlation. First, they establish a direct connec-
tion between the noise density of states,ρn(ω), and the
diffusive process. Second, they conjecture that the dy-
namics of a Hamiltonian system with space correlated
disorder could be described by the same formalism
if one supposes that the fluctuation in the density of
states of the quasi-particle or elementary excitation,
ρF (ω), plays the same role asρn in the stochastic de-
scription. In this Letter, we present a numerical analy-
sis of the validity of this conjecture. We study it for the
one-dimensional quantum Heisenberg model exhibit-
ing long-range correlations in the random exchange
couplings. For continuous ranges of the degree of cor-
relation, this system presents superdiffusive and ballis-
tic motions[15]. Here, we provide numerical evidence
that the Hamiltonian description and the stochastic one
can be unified through the referred conjecture, thus
confirming early expectations[1].

2. Stochastic and Hamiltonian descriptions

Let us suppose that the equation of motion for an
operatorA can be cast in the form[17–20]

(1)
dA(t)

dt
= −

t∫

0

Γ (t − t ′)A(t ′) dt ′ + h(t),

whereh(t) is a stochastic noise subject to the condi-
tions 〈h(t)〉 = 0, 〈h(t)A(0)〉 = 0, and to the fluctua-

tion–dissipation theorem[17]:

(2)Ch(t) = 〈
h(t)h(0)

〉 = 〈
A2〉Γ (t).

Here,〈· · ·〉 indicates an ensemble average in thermal
equilibrium. In principle, the presence of the kernel
Γ (t) allows us to study a large number of correlated
processes. For example, in analogy with the usual
Langevin’s equation, we can study the asymptotic be-
havior of the second moment of the variable,

(3)σ(t) =
t∫

0

A(s) ds,

namely

(4)lim
t→∞

〈σ 2(t)〉
tα

= K,

whereK is a constant. In Eq.(4), we haveα = 1 for
normal diffusion; for sub- and super-diffusion,α < 1
andα > 1, respectively.

The generalized field,h(t), in Eq. (1) can be mod-
eled by a thermal bath composed of harmonic oscilla-
tors; consequently, according to Eq.(2), the memory
function can be written as

(5)Γ (t) =
∫

ρn(ω)cos(ωt) dω,

whereρn(ω) is the noise density of states. It has been
proved[1] thatif the Laplace transform of the memory
function of a unidimensional system behaves as

(6)Γ̃ (z → 0) ∝ zν,

then the diffusion exponent is

(7)α = ν + 1.

In disordered Hamiltonian systems the diffusion pro-
cess can be studied through direct integration of the
equations of motion[15,16]. Now then, how can we
assure that the two approaches are compatible and lead
to the same results? For those systems the density of
states of the quasi-particle or of the elementary excita-
tion, D(E), plays the most significant role. However,
it displays fluctuations, which are intrinsically con-
nected to the diffusive behavior. Here, we conjecture
that, for the relaxation processes, the fluctuation in the
density of states,ρF (E), plays the same role as the
noise density of states in the stochastic process, thus

(8)ρn(E) ↔ ρF (E).
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