
Physics Letters A 336 (2005) 106–111

www.elsevier.com/locate/pla

Quantum electrodynamic foundations
of continuum electrodynamics

Michael E. Crenshaw

AMSRD-AMR-WS-ST, US Army RDECOM, Redstone Arsenal, AL 35898, USA

Received 31 August 2004; received in revised form 30 December 2004; accepted 31 December 2004

Available online 7 January 2005

Communicated by P.R. Holland

Abstract

A microscopic quantum electrodynamic model of a linear medium consisting of discrete quantized electric and magnetic
dipoles is used to derive Maxwell equations of motion for macroscopic fields. It is found that the material properties of a linear
medium are carried in the sum of the vacuum, electric, and magnetic susceptibilities.
 2005 Elsevier B.V. All rights reserved.

PACS: 42.50.Ct; 41.20.Jb; 78.20.Bh; 03.50.De

The electrodynamics of ponderable media is, at
an atomistic level, the interaction of an electromag-
netic field in the vacuum interacting with the individ-
ual particles of matter, generating reaction fields[1,
2]. Quantum electrodynamics describes this interac-
tion microscopically in terms of the interaction of the
quantized vacuum field with the individual quantized
constituents of matter, while the classical theory of
electric and magnetic fields in matter is based on ex-
perimental studies of macroscopic, averaged fields in
continuous matter.
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In this Letter, classical equations of motion for
macroscopic electric and magnetic fields in a contin-
uous linear medium are derived from the fully mi-
croscopic quantum electrodynamic theory. Beginning
with a microscopic quantum electrodynamic model of
a linear medium in terms of the quantized vacuum field
and quantized electric and magnetic oscillators, the
medium is eliminated, within the formalism of quan-
tum electrodynamics, in the good-cavity limit[3]. Ap-
plying the adiabatic-following and continuum approx-
imations produces an effective macroscopic quantum
Hamiltonian[4]. Inverting the Ginzburg macroscopic
quantization procedure[5–7], we obtain the analogous
classical effective Hamiltonian, identify the bare, or
fundamental, electric and magnetic fields in a linear
medium, and derive equations of motion for the clas-

0375-9601/$ – see front matter 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.physleta.2004.12.081

http://www.elsevier.com/locate/pla
mailto:michael.crenshaw@us.army.mil


M.E. Crenshaw / Physics Letters A 336 (2005) 106–111 107

sical fields. Retaining both the dielectric and magnetic
properties of a general linear medium, we find that the
inverse index of refraction appears as a linear combi-
nation of the vacuum, electric, and magnetic suscep-
tibilities. Then, the phase velocity of light in a linear
mediumcn−1 is a linear function of the susceptibili-
ties whereas the product of the electric permittivityε

and magnetic permeabilityµ is nonlinear in the elec-
tric and magnetic susceptibilities and is therefore in-
congruous with a linear medium. Consequently, the
Maxwell equations

(1a)
c
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c
H′ − n

c

∂E′

∂t
= 0,

(1b)∇ × E′ + n

c

∂H′
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for the bare fieldsE′ = −c−1∂A/∂t andH′ = n−1∇ ×
A that are derived here have no explicit dependence on
the electric permittivityε or magnetic permeabilityµ
and the permittivity and permeability of free space no
longer separate the formulations of the Maxwell equa-
tions in SI and Gaussian cgs units.

The linear medium is regarded microscopically as
being a mixture of discrete enumerated atom-like elec-
tric dipoles and spin-like magnetic dipoles and each
electric and magnetic dipole is located by an indepen-
dent position vector. The Hamiltonian for the model
linear medium is
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∑
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wherea
†
l andal are the creation and destruction oper-

ators for field modes,ωl is the frequency of the field in
the model, b

†
n andbn are the creation and destruction

operators for the electric dipole at the fixed position
rn, c

†
m andcm are the creation and destruction oper-

ators for the magnetic dipole at the fixed positionrm,
ωb is the resonance frequency associated with the elec-
tric dipoles,ωc is the resonance frequency associated
with the magnetic dipoles,

hl =
(

2πωl

h̄V

)1/2

µ̂e · êklλ

is the electric dipole interaction in terms of the electric
dipole momentµe , and

fl =
(

2πωl

h̄V

)1/2

µ̂m · (k̂ × êklλ)

is the magnetic dipole interaction in terms of the mag-
netic dipole momentµm. In order to condense the
notation, the operator subscriptλ for sums over the
polarizations is combined with the mode indexl. The
usual dipole and rotating-wave approximations have
been employed and zero-point energies have been
suppressed. The dipole and rotating-wave approxima-
tions are used extensively in quantum optics and their
characteristics and limitations are well known. As no
sources are present, we work in the Coulomb gauge.

Microscopic Heisenberg equations of motion for
the material and field mode operators

dal

dt
= −iωlal
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are readily obtained from the Hamiltonian(2).
In the continuum electrodynamics of linear di-

electrics, the medium is eliminated with the contribu-
tion of the medium carried as a constant of proportion-
ality onto the basic macroscopic fields. The analogous
elimination of the medium can be performed within
the formalism of quantum electrodynamics by elim-
inating the equations of motion for the oscillators in
the good-cavity limit[3,4]. Substituting the formal in-
tegral of Eqs.(3b) and (3c)into Eq.(3a)one obtains
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