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Abstract

We investigate real quantum states which are parallel-transported around a triple degeneracy. Applying a recently proposed
test [Phys. Rev. Lett. 92 (2004) 060406], it is shown that when none of the states change sign upon completing the circle, the
degeneracy is detectable mpblogical means. Examples from deformed micresveesonators are preged to illustrate the
results.
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1. Introduction the point must be twofold degenerate formed by a con-
ical intersection.

The question we intend to pose is the following:
Can we construct a robust method as well when three
tential surfaces of real Hamiltonians cross each other States mtgrsect, i.e., can the above mgthOd’ suitable for
conically or just getting very close to each other the crossing of two states be generalized for threefold
and thereby producing an avoided crossing, one mustqegenerades_? The purpose of the present_ Letter is to
parallel-transport the corresponding adiabatic eigen- Nvestigate this possibility and thereby to give an an-

vectors along a closed path round the pointin question, SWe' for the question above.

If and only if both of the eigenvectors change sign then 't ¢@n be yetshown inthe spipsystem in the pres-
ence of an adiabatically rotating magnetic fi¢8],

that the generalization for dimension> 2 is not
* Corresponding author. straightforward, and needs more considerations. In
E-mail addresstvertesi@heavy-ion.atomki.h(T. Vértesi). this case when the field sweeps out the solid angle 2

The work of Herzberg and Longuet-Higgifig im-
plies that in order to decide whether two given po-
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we obtain common sign changes for all eigenvectors. ful information about the presence of degeneracy, we
The sign is equal te-1 or —1 depending on the parity  wonder if any more information can be inferred from
of n =2j +1. Especially for spin-1 (whein = 3) none the behavior of wave functions on the loop encir-
of the eigenvectors change sign, that is the sign changecling the point of degeneracy. Recently, Johansson and
pattern is(+1, +1, +1), where+1 at theith position Sjoqvist[9] examined just this possibility, and put for-
means that the wave function corresponding toithe ~ ward a topological test, which can be also applied to
lowest eigenvalue did—1) or did not (+1) change this special case, furthermore they also proved that this
sign after the cyclic adiabatic evolution. The above test is optimal in exploitig all topological informa-
spin-1 resultimplies that the threefold degeneracy per- tion concerning the existence of degeneracies inside
taining to this pattern is not detectable by the mean of the loop. Now our aim is to apply this topological
inspecting the sign changes. On the other hand Laubertest, which can be considered as the generalization of
et al.[4] performed experiments on a microwave cav- Longuet-Higgins’ sign change theord#j to the case
ity, involving a triple degeneracy in its rectangular of pattern(+1, +1, +1) and we intend to show that the
geometry. By deforming its shape adiabatically around theorem of Ref[9] will manage to signal the presence
the point corresponding to the undeformed geometry of triple degeneracy.
in the two-dimensional space of deformations, thisex- ~ The Letter is organized as follows. In the next sec-
periment has yielded the patte(r1, +1, —1). This tion we recall the theorem of Ref9] specializing
means that only the sideward wave functions change the general method to the case which fits to our con-
sign and indicates that this pigular threefold degen-  text. We investigate small contours encircling three-
eracy is detectable by the usual topological means. fold intersections, mapping to loops BQ3). We
Although we remark that indeed the particular experi- apply some results from Ref5] and walk on the
ment of Lauber et al., as it was pointed out in H6T, strand of Ref[9] to determine the homotopy classes
involved two additional ‘satellite’ degeneracies in the of the corresponding loops. In Secti8rthe theoreti-
looping circle, but the cyclic phases of the pattern are cal findings are illustrated with numerical calculations
not affected by them. for microwave resonators, based on the examples of
As we saw that either the patte¢a-1, +1, +1) or Ref.[5]. Then in Sectior we generalize the previous
the pattern—1, +1, —1) can be observed in real phys- results to contours encircling finite area round the de-
ical systems which possess triple degeneracy, we cangeneracy, and finally we conclude the present work in
raise the question whether any other sign combinations Section5.
can occur in addition to them. Recently, Manolopoulos
and Child[5] answered this problem based uponinves-
tigating the model Hamiltonian which scales linearly 2. Classification of nontrivial loopsin SO(3) with
in the vicinity of a generat-fold degeneracy, and con-  thetest of Johansson and Sjéqvist
cluded that the set of permitted sign change patterns

for n = 3 are exactly the above-cite@-1, +1, +1) Let us suppose a 3-fold degeneracy at the origin of
and (=1, +1,-1) ones, and no other sign-change e two-dimensionalx, y) parameter space of a sys-
combinations are allowed. 3 tem with real Hamiltonian. Writing the Hamiltonian
In order to generalize the observability of twofold ¢ e system in a fixed{i})3 , basis of the three-
. . ! i
conical degeneracies tofold (n > 2) ones, itis suf-  gimensjonal Hilbert space, it can be represented by
ficient to be concerned with degeneracies, where the 5 3, 3 parameter dependent symmetric matrix. The
corresponding pattern contains commphelements.  T4yjor expansion of the Hamiltoniafl (x, y) about

This follows from the fact, that the presence of degen- he origin of the parameter space is giver[By
eracy can be revealed by inspection of the sign-change

pattern, whenever_at least one eigenstate chang_es SION (x, y) = fx +gy+ 0(,62, y2), (1)
after a full revolution. Thus specifically for a triple

degeneracy we further need to study the system per-here f = %(0, 0) andg = %(0, 0). In a sufficiently
taining to the patterii+1, +1, +1). Since in this case ~ small neighborhood of the origin the first-order ap-
the emerging real Berry phasgd do not carry use-  proximation applies, hence we can write= fr and
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