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Abstract

We consider the dynamics of a thin liquid film covered with insoluble surfactant flowing down an inclined plane. A coupled
pair of nonlinear partial differential equations for the film height and surfactant concentration are derived using lubrication theory.
Two configurations of fluid and surfactant are considered: constant flux and constant volume. Examination of the base states
reveals the presence of propagating wave fronts in both configurations. Application of a transient growth analysis demonstrates
the existence of an instability near the leading edge of the fluid that is found to be vulnerable to transverse disturbances of
intermediate wavenumber. Our results illustrate that several features of the much studied uncontaminated film flow problem are
modified due to the inclusion of surfactant.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Thin liquid films are central to numerous engineering, materials processing, and biomedical appl{ddtions
In situations involving gravitationally-driven coating flows, an advancing fluid front is susceptible to a transverse
instability that can lead to rivulet formatid]. This instability is detrimental to many industrial processes such as
spin coating, for instance s§&]. These experimental observations have been complimented by modelling studies
thatisolated the mechanisms responsible for fingering at the driven fluid[#efd}, Further experimental work has
produced detailed images of fingering patterns formed for various angles of inclif@tiarile more recent work
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has focused on modelling of the instability in the nonlinear red®rd 1], with methods proposed for controlling
rivulet formation[12,13]

The studies mentioned above have focused on essentially uncontaminated liquid films. In the presence of surfac-
tant, gradients in surfactant concentration give rise to Marangoni stresses that will effect the film dynamics. These
surfactant-driven flows have been subject to many studies in connection with surfactant replacement therapy (SRT)
[14-16] a treatment for both neonate and adult respiratory distress syndrome, and levelling of thin coating layers
[17]. The spreading of surfactant-laden films is also accompanied by another transverse instabfili~@gknd
references therein). Note that in this case, finger formation occurs on horizontal substrates, that is, in the absence
of gravitational forcing.

In this paper, we investigate the dynamics of a gravitationally-driven thin film partially covered with an insoluble
surfactant present in dilute concentrations. Evolution equations for the film thickness and surfactant concentration
are derived in the lubrication approximation. Constant fl2&] and constant volumg27,28] configurations are
studied with a precursor layer used to relieve the singularity at the contact line. The model incorporates the effects of
gravity, Marangoni stresses, inclination angle, precursor layer, capillarity, and surface diffusion on the flow, while
intermolecular forces are neglected. The stability of the flow is examined using a transient growth analysis. Our
results indicate that the presence of surfactant significantly modifies the flow characteristics of a gravitationally-
driven thin uncontaminated film.

2. The model
2.1. Evolution equations

A thin film of incompressible, Newtonian fluid of constant viscogityand density, rests on an inclined plane
bounded from above by an inviscid gas and below by a rigid, impermeable solid substrate. The advancing film
is partially covered with an insoluble surfactant of initially uniform concentratigy, which is assumed to be
much smaller that the saturation concentration. Two different flow configurations are considered: constant flux and
constant volume (se€ig. 1). In the former case, the film is connected to a reservoir at the flow origin providing
a constant flux of fluid and surfactant. In the latter, a droplet of constant volume initially rests atop a precursor
layer of uniform thicknessH,, [4]. The liquid—air interface is located at= h(x, y, t), wherex, y andz denote the
streamwise, transverse and vertical coordinates, respectively, waleotes time. The film aspect ratie= H/L
is taken to be small; hetd is the characteristic depth of the film ahdts characteristic lateral extent.

The evolution equations for the film thickness and surfactant concentration have been derived e[2éjvidnes
we provide only the relevant scalings and the final evolution equations which will be studied. The scalings adopted
are given byx = Lx, y =Ly, z = Hz,u = Uu, v= Vv, w = eUw, t = (WL?/ITH)t, p = (IT/H)p, & = (0 —
om)/I1, I' = I, ", whereu, v, w, p, denote the streamwise, transverse, normal components of the velocity field
and pressure, respectively; overbars denote dimensionless quantitiesliHere, — o,,,, the spreading pressure,
is the surface tension difference between the maximal and minimal value of the surface tension, desgtattiby
om, respectively. Note also that = ITH/u L is the characteristic Marangoni velocity. The overbars are henceforth
suppressed.

The two-dimensional non-linear evolution equationsif@andI” are given by,

hs h? hs
hy=V.|—=(—CVV?h)+ —VI'| — |=Gsing| , (1)
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