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In this paper, the quasi-distributivity laws of type-2 fuzzy implications with respect to 
extended supremum and extended infimum are investigated on different subalgebras of 
fuzzy truth values. Moreover, the properties of fuzzy-valued fuzzy implications are further 
discussed. Especially, new fuzzy-valued operations are obtained from a fuzzy-valued fuzzy 
implication induced by a fuzzy implication, which is right-continuous with respect to 
the second argument. As an application of fuzzy-valued fuzzy implications, fuzzy-valued 
approximate reasoning is further studied and a numerical example is given.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Type-2 fuzzy sets were proposed by Zadeh [44] as a generalization of ordinary fuzzy sets [42]. Hence type-2 fuzzy sets 
provide more design degree of freedom in practice. Since both ordinary fuzzy sets and interval-valued fuzzy sets are special 
cases of type-2 fuzzy sets, it is pointed out in [2] that type-2 fuzzy sets are very useful in circumstances where there is need 
to handle more uncertainty than it is possible using ordinary fuzzy sets or interval-valued fuzzy sets. Thus, type-2 fuzzy sets 
have been applied in many areas, such as prediction [4,12,30], recognition [31], clustering [26,28,45], optimization [34,41], 
decision making [1,32] and control [5,27].

Karnik et al. [22] constructed type-2 fuzzy logic systems from the view of type reductions [18,35] and centroids [23,33]. 
Type-2 fuzzy logic systems were investigated in [9,17,29,37,40]. Especially, many researchers have studied type-2 fuzzy im-
plications [13,14,25,38,39,46]. For example, Wang and Hu [38] proposed a fuzzy-valued fuzzy implication generated from a 
fuzzy-valued t-norm induced by a left-continuous t-norm. Li [25] discussed the residual operators of type-2 t-norms with 
respect to the partial order � induced by extended minimum, which were further investigated in [46]. Generalized extended 
fuzzy implications were investigated in accordance with the generalized extension principle in [39], where neither t-norms 
nor fuzzy implications are necessarily continuous. Moreover, fuzzy-valued fuzzy implications induced by arbitrary fuzzy 
implications and t-norms were proposed on the algebra of fuzzy values regardless of the continuity of either fuzzy impli-
cations or t-norms. However, the quasi-distributivity laws of type-2 fuzzy implications with respect to extended supremum 
and extended infimum are not fully discussed in [39], where Wang and Hu only investigated the quasi-distributivity laws 
of extended fuzzy implications with respect to extended maximum and extended minimum. These suggest that extended 
fuzzy implications should be studied more thoroughly in this context. Hence, we discuss the quasi-distributivity laws of 
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extended fuzzy implications with respect to extended supremum and extended infimum on different subalgebras of fuzzy 
truth values, such as convex and normal ones. On this basis, we further investigate quasi-distributivity laws of fuzzy-valued 
fuzzy implications induced by arbitrary fuzzy implications with respect to extended supremum and extended infimum. 
Moreover, we propose new fuzzy-valued operations based on a fuzzy-valued fuzzy implication to enrich the operations on 
fuzzy values, where fuzzy implication is right-continuous with respect to the second argument.

One of the best known application areas of fuzzy logic is approximate reasoning, referring to methods and method-
ologies that enable reasoning with imprecise inputs to obtain meaningful outputs [10]. Chen and Kawase [8] introduced 
fuzzy-valued approximate reasoning from the perspective of interval-valued approximate reasoning [6]. However, the work 
of Chen and Kawase requires the continuity of both t-norms and fuzzy implications. In this paper, fuzzy-valued approx-
imate reasoning is further investigated with arbitrary t-norms and fuzzy implications, where neither t-norms nor fuzzy 
implications are necessarily continuous.

The content of this paper is organized as follows. In Section 2, we recall some fundamental concepts and related proper-
ties about extended fuzzy implications. In Section 3, we discuss the quasi-distributivity laws of extended fuzzy implications 
with respect to extended supremum and extended infimum on the algebra of convex (resp. normal) fuzzy truth values. Sec-
tion 4 studies the quasi-distributivity laws of fuzzy-valued fuzzy implications induced by arbitrary fuzzy implications with 
respect to extended supremum and extended infimum. Moreover, new fuzzy-valued operations are proposed to enrich the 
operations on fuzzy values. In Section 5, as an application of fuzzy-valued fuzzy implications, we further study fuzzy-valued 
approximate reasoning with arbitrary t-norms and fuzzy implications. In the final section, our research is concluded.

2. Preliminaries

Let X and Y be nonempty sets, which are referred to be universes. The family of all mappings from X to Y is denoted as 
M (X, Y ). The symbol I always denotes the unit interval [0, 1] in this paper. Especially, if Y = I , then M (X, Y ) is denoted 
as M (X) for short.

A fuzzy set A is a mapping from X to I , i.e., A ∈ M (X). Especially, a fuzzy set A is called a fuzzy truth value, if A ∈ M (I). 
Two crisp sets ∅ and X are special elements in M (X), with ∅(x) = 0 and X(x) = 1 for all x ∈ X , respectively. The order 
relation on fuzzy sets is defined as A ⊆ B ⇔ A(x) � B(x) for all x ∈ X . Let a, b ∈ I and a � b. Then a special fuzzy truth value 
A is denoted as [a, b], if

A(x) =
{

1, if a � x � b;

0, otherwise.

Especially, if a = b, then [a, b] is denoted as a for short. An α-cut set of fuzzy set A on X is Aα = {x ∈ X |A(x) � α} for all 
α ∈ I . A strong α-cut set of fuzzy set A is Aα = {x ∈ X |A(x) > α} for all α ∈ I . The least upper bound of A is denoted by 
Asup, i.e., Asup = supx∈X A(x).

A binary operation � : I × I → I (resp. ⊥ : I × I → I) is called a t-norm (resp. t-conorm) on I if it is commutative, 
associative, increasing in each argument and has a unit element 1 (resp. 0).

The associativity of t-norm � allows us to define the power notation x[n]
� with n ∈N0, by induction:

x[n]
� =

{
1, if n = 0,

x�x[n−1]
� , otherwise.

Some subclasses of t-norms are recalled as follows:

Definition 2.1 ([3,24]). A t-norm � is said to be

(1) continuous, if it is continuous in each argument;
(2) left-continuous, if it is left-continuous in each argument;
(3) nilpotent, if it is continuous and each x ∈ (0, 1) is a nilpotent element of �, i.e., if there exists an n ∈ N such that 

x[n]
� = 0.

A binary operation � : I × I → I is called a fuzzy implication on I if it satisfies the boundary conditions according to the 
Boolean implication, and is decreasing in the first argument and increasing in the second argument.

The most important of additional properties of fuzzy implications are presented as follows.

Definition 2.2 ([3]). A fuzzy implication � is said to satisfy

(1) the left neutrality property ((NP), for short), if 1 � y = y for all y ∈ I;
(2) the exchange principle ((EP), for short), if x � (y � z) = y � (x � z) for all x, y, z ∈ I;
(3) the ordering property ((OP), for short), if x � y = 1 ⇔ x � y, for all x, y ∈ I .
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