
Accepted Manuscript

Improvement of accuracy of the spectral element method for elastic wave
computation using modified numerical integration operators

K. Hasegawa, N. Fuji, K. Konishi

PII: S0045-7825(18)30358-X
DOI: https://doi.org/10.1016/j.cma.2018.07.025
Reference: CMA 11997

To appear in: Comput. Methods Appl. Mech. Engrg.

Received date : 29 December 2017
Revised date : 18 July 2018
Accepted date : 19 July 2018

Please cite this article as: K. Hasegawa, N. Fuji, K. Konishi, Improvement of accuracy of the
spectral element method for elastic wave computation using modified numerical integration
operators, Comput. Methods Appl. Mech. Engrg. (2018), https://doi.org/10.1016/j.cma.2018.07.025

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form.
Please note that during the production process errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.

https://doi.org/10.1016/j.cma.2018.07.025


 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Improvement of accuracy of the spectral element method for elastic wave
computation using modified numerical integration operators

K. Hasegawaa,∗, N. Fujib, K. Konishia

aInstitute of Earth Sciences, Academia Sinica, 128 Academia Road Sec. 2, Nangang,
Taipei 11529, Taiwan

bInstitut de Physique du Globe de Paris, 1 rue Jussieu, 75238 Paris Cedex 05, France

Abstract

We introduce new numerical integration operators which compose the mass and stiffness matrices of a
modified spectral element method for simulation of elastic wave propagation. While these operators use
the same quadrature nodes as does the original spectral element method, they are designed in order that
their lower-order contributions to the numerical dispersion error cancel each other. As a result, the modified
spectral element method yields two extra-orders of accuracy, and is comparable to the original method of
one order higher. The theoretical results are confirmed by numerical dispersion analysis and examples of
computation of waveforms using our operators. Replacing the ordinary operators by those proposed in this
study could be a non-expensive solution to improve the accuracy.
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1. Introduction1

Finite element methods (FEMs) for computation of the elastic wave equation have greatly contributed2

to seismology and earthquake engineering [1–3]. Notably, the spectral element method (SEM) is most3

widely used in the past twenty years [4, 5]. For elastic wave computation, the SEM is usually associated4

with the Gauss-Lobatto-Legendre (GLL) quadrature rule and Lagrange polynomial basis defined on hexa-5

hedral elements, because this choice leads to an explicit time-marching scheme without loss of accuracy of6

computation. Detailed descriptions are available on [6, 7].7

In applications of FEMs to elastic wave computation in complex underground structures, there may8

still exist difficulty concerning grid-generation. According to dispersion and stability analyses [8–14], it is9

preferable to use almost the same number of grid points per wavelength throughout the medium: i.e., in10

terms of accuracy, the number of grid points per wavelength should be sufficiently large to suppress numerical11

dispersion [10–14]; conversely, an unnecessarily large number of grid points (or small grid intervals) may12

increase the total number of time steps as well as computational cost required for each time step, since time13

intervals should be much smaller than the time for a wave train to pass through one grid interval [8, 9, 11].14

In other words, we need a dense grid for a region of a lower propagation velocity, and a corse grid for a higher15

one, since the length of a wavelet depends on the propagation velocities. However, this condition makes16

the grid-generation more complicated as velocity structures become complex. Instead of regulating the17

number of grid points per wavelength, a regional increase/decrease of the order of elements would effectively18

improve the accuracy and efficiency. However, for the Legendre-type SEM (hereafter simply called the SEM),19

in particular, the non-equispaced distribution of the GLL nodes makes it difficult to connect elements of20

heterogeneous orders, without rather complicated implementations [15]. Moreover, a use of higher-order21
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