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HIGHLIGHTS

e Two new recursive estimators are developed for homogeneous gamma process.
e We show that the two estimators are weakly consistent.
e We compare the two new estimators with these of Paroissin (2017) by simulations.
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1. Introduction

On-line inference has become an indispensable technique in prognostic and health management (Si et al., 2011; Guan
et al, 2016; Wang et al., 2018; Xu et al., 2018; Zhou and Xu, 2018). Most of the on-line inference methods are developed
based on the Wiener process. However, the Wiener process is suitable only for degradation processes that is not monotone.
For the monotone degradation process, the gamma process is more effective and has received wide applications (Lawless
and Crowder, 2004; Ye et al., 2014; Guida et al.,, 2015; Le Son et al., 2016). Recently, Paroissin (2017) considered on-line
estimation of the following homogeneous gamma degradation process {X(t), t > 0}:

1. X(0)=0.
2. X(t) has independent increments.
3. The increment X(t + At) — X(t) follows the gamma distribution with shape parameter aAt and rate parameter b.

Consider n identical items whose degradation of a performance characteristic follows the above homogeneous gamma
process,and let 0 = tp < t; < t < --- < tp < --- be the measurement time epoches identical for all items, and
Xi(t;) be the degradation value of the ith item at time t;. Let Y; ; = Xi(t;)) — Xi(ti-1)and s; = tj—t;_¢,j=1,...,mi=1,..., n.
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Then Y; ; follows the gamma distribution with shape parameter as; and rate parameter b. Following the notation in Paroissin
~ - ~ . ~ ~ \2 -

(2017), let Yij = Yij/s;, Y5 = 130 ¥ijand 17 = 25 {’:1<Yi.j - Y.,j) .Then E(Y.j) = a/b = p and E(z?) = a/b* = o>.

Paroissin (2017) proposed two estimators for 4 and o2, which can be computed recursively. Out of the two, the following

was shown to have better performance:

O T Smoo
m = Tn ZSJY‘J = m-1 + i (y~,m - Mm—]) 5 (1)
j=1
m
Z w? =67 ]+ = (12— 6tm1) - (2)
=1 tm
Based on the above, a and b at the mth stage can be estimated by a; ,, = Mm/01 m and b1 m= ;Lm/a] o respectlvely
Notice that t, = Y s;, we have E(jiy) = ;Z (SE(Y.)) = wand E(67,) = 22T sE(t?) = o Besides, fin
and 6ﬁm are linear combination of {Y.J,] = 1,...,m} and {‘71,va =1,...,m}, respectlvely. Thus, both /i, and &ﬁm

are linear unbiased estimators. Linear unbiased estimator has been widely used in statistics. The merit of linear unbiased
estimator is that it can be constructed easily and be derived recursively. For example, least squares estimator for the linear
regression model is a linear combination of the observations, and is also the best linear unbiased estimator (BLUE) of the
model parameters. The basic idea to select the BLUE is to find the estimator with the smallest variance in a set of linear
unbiased estimators. In view of the fact that Paroissin (2017)’s estimators are linear unbiased estimators, the objective of
this paper is to improve these estimators by finding the BLUEs of x and ¢%.

The paper is organized as follows. In Section 2, we propose two new estimators, and the consistency of the estimators
is shown. In Section 3, a simulation study is performed to compare the new estimators with these from Paroissin (2017). A
data set is analyzed for illustration in Section 4. Finally, we give a conclusion of this paper.

2. New estimators

As mentioned before, both estimators proposed by Paroissin (2017) are linear unbiased estimators. This observation
motivates us to find more efficient estimators in the set of linear unbiased estimators of . and o2. For the parameter p, we
consider the set of linear unbiased estimators U,, = {er"zlan4,j, ij:ﬂj = 1}. Then, forany i € Uy,

m
Var(ji Z o Var (Y. Zazaz/(nsj
Taking the first derivatives of Var( u) with respect to «;, and letting them equal zero, we have
aj/(nsj)) —(1—ay — - —ap—1)/(nSy) =0, j=1,2,...,m—1,

which leads to o = sj/(s1+52+ - - +Sm) = Sj/tm. Thus, fi, in (1) is the best linear unbiased estimator in the set U,,. Similarly,

for the parameter %, we consider the set of linear unbiased estimators U,> = {} 1", 7% Y_I", = 1}. From Paroissin
(2017), we have

Var(e) = 2% STy v
' = — —_— i),
J (n — 1)b*  nbs; ! 0/
where V; = b4 and Vo = 21 Forany 6% € U2,

m
Var(¢ Z Var Zﬂj Vi(1 4+ Vo/s;).

j=1
Taking the first derivatives of Var(6%) with respect to Bj, and letting them equal zero, we have
Bi(1+Vo/sj) —(1—B1— = Bma)(1+Vo/sm)=0, j=1,2,...,m—1,
which follows that
(14 Ve/s) !
pi= Yo (1+Vo/s)!
Thus, if the shape parameter a is known, then the best linear unbiased estimator in the set U, is

Y+ Vo/s)T I (14 Vo/sm) (52 — 62 ,)

2 _ =
T A Vel S+ Vo/s) !
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