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1. Introduction and preliminaries of Malliavin calculus

In this article, we deal with the following m-dimensional stochastic differential equation (SDE):
X =x+ Zf Al(s, Xs, Mg)dW,! + / Bi(s,X;, M)ds, 1<i<m, 1)
I=1 70 0

where W denotes a d-dimensional Brownian motion, A!, B : [0, c0) x R*™ — R, 1 <i < m, 1 < | < d are measurable
functions, and M, = (M;, .MM = (maxy<s XL}, ..., max,<; X]"). The purpose of this article is to prove the absolute
continuity of the joint laws concerning the solution to (1) with Lipschitz continuous coefficients by using Malliavin calculus.
In Fournier and Printems (2010), the authors proved that, if m = d = 1, A and B are Holder continuous, then for t > 0,
the law of X; is absolutely continuous with respect to the Lebesgue measure on R, where X is a weak or strong solution to
(1). They used the characteristic function of X; to prove the absolute continuity of the law of X;. As far as we know, their
technique cannot be extended to the multi-dimensional case.

In this article, first we prove the absolute continuity of the law of X; = (X/, ... , X™) with respect to the Lebesgue

measure on R™. Then we prove that, for 1 < i,/ < m, the law of (M}, xg’) is absolutely continuous with respect to the
Lebesgue measure on R? when each A} in (1) does not depend on the second space variable. To deal with the Malliavin
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derivative of M;, some delicate arguments stated as Lemmas 2 and 4 in this article are needed, and to study the time when
{Xsi, s € [0, t]} attains its maximum on [0, t] is important for the proof of the absolute continuity of the law of (M, Xg/). To
analyze the law of (M!, x;") may be important in applications such as finance (see Fournié et al. (1999) or Chapter 6 of Nualart
2006)).

( We) )introduce some basic tools of Malliavin calculus that will be used throughout the article. We refer to Nualart (2006).
Let (§2, F, P) be the canonical Wiener space which supports a d-dimensional Brownian motion W. The class of real random
variables of the form F = f(W,,, ..., Wy,),f € Cg’o(R"d; R),0 < ty,...,t, <tisdenoted by 4. D!"? denotes a Banach space
which is the completion of § with respect to the norm

1
. ¢ d 4 5 p
IFll1p = ElIFIP1» + | E (/ Z|D¢F|2dr> ,
0

=1
where
: n af
DF = — (W, ..., W )10 11(1).
) ; g W o) 110,61 (7)
D*P is defined analogously, and its associated norm is denoted by || - llx,p- Also, we define Dk>® = Np>1 D*P and D® =

Np=1Mi=1 DXP. For F € D2, we define ||DF||? = fot Zle |DLF|2dr.

Now let us introduce a localization of DP. ]D;‘O’f denotes the set of random variables F such that there exists a sequence

{(£2,, Fp), n > 1} C F x D*P with the following properties.

(i) £2, 1 £2,as.
(ii) F = Fy, a.s. on £2,,.

2. The existence, uniqueness, and differentiability of solutions to (1) and the absolute continuity of the probability
law of X;

In this section, first we prove the existence, uniqueness, and differentiability of solutions to (1). Then we prove that for
t > 0 the law of X; is absolutely continuous with respect to the Lebesgue measure on R™ where X is the solution to (1).
We assume the following.

(A1) There exist K, L > 0 such that
[A(t, x1, %) — A(t, Xy, X)) + |B(t, X1, X2) — B(t, X}, X)) | < K(|x1 — X[ + [x2 — x5)),
|A(t, X1, X2)| + [B(E, X1, X2)| < L,

for any xq, X, X7, ¥, € R™"and t > 0.
(A2) A(t, X1, x2) is continuous with respect to (t, X1, X2).
(A3) There exists ¢ > 0 such that

|UTA(taX17X2)|2 2 C|U|27
foranyv € R™, x;,x, € R™,and t > 0.

Throughout this article, we use C or G, i € N to denote a positive constant which may depend on constants K, L, d, m, p,
and t.
First, let us prove a lemma on the existence of a unique solution to (1).

Lemma 1. Assume (A1). Then (1) has a unique strong solution for any initial value x € R™. Moreover, we have E[|M;|p] < C for
anyt >0,1<i<m,andp > 2.
Proof. Fors € [0, t], we use the Picard iteration method to define

XS(O)’i =X

d S S
Xm0 =y 4y fo A, X, M )dW,, + fo B'(u, X{, M{")du, 1<i<m,nz>0,
=1

where X" = ™", ..., x"™™ and M{" = (max,, XM max,<, X™'™). By (A1) it is straightforward to prove
that {Xs("), s € [0, t]} converges to the solution to (1) with limy,_, o E[maX,<, |Xs(") —X,|*] = 0forany t > 0.The uniqueness
follows from (A1) and Gronwall’s lemma. Since ¢ > 0 is arbitrary, we have the existence of a unique solution to (1). We have
E[IM{|P] < Cdueto(Al). O
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Remark 1. Under (A1)-(A3),foranyt > 0, {Xsi, s € [0, t]} attains its maximum on [0, t] on a unique point rti and0 < rt" <t,
a.s. This follows along the lines of the ideas of the proofs of Propositions 1 and 18 in Hayashi and Kohatsu-Higa (2013).

Let us prove a lemma on the differentiability of the maximum of a continuous process which is similar to Proposi-
tion 2.1.10 of Nualart (2006).

Lemma 2. For t > 0, let {)?5, s € [0, t]} be a one-dimensional continuous process. Suppose that
(i) Elsups [X5%] < 00, )
(i) foranys € [0, t], X, € D2 and E[sup,_, |DX;]|4] < oo

Then M, = sup,_ X; € D"2, and we have

LA EY: [sug ||Df<s||£,} : @)
s<
Moreover, if we assume that

(i) {)A(s, s € [0, t]} attains its maximum on a unique point 77,
(iv) for 1 <j < d, and almost every r, {D’Xs, s € [0, t]} is continuous except for s = r, and
(v) for 1 <j < d, E[f; supos=, ID}Xs[?dr] < oo,

then we have

DM, = D,)A(ft*, r-a.e., (3)
where we have defined Dr)?ft* = Dr)25|5:{—t*.
Proof. Let {t;}i>0 be a dense subset of [0, t], and define

I\A/I;1 = max{)?tl, ... ,)A([n}.
Define

Avi=Xy =M, Ac=Xg #M, .o Xy, ZML Xy, =M, 2<k<n.
Then, by the local property of operator D, we have

n
DM = " 14,DX,,.

By Proposition 2.1.10 of Nualart (2006), 1\71t = SUPp<s<¢ )25 belongs to D2 and DI\A/I;1 — D1\71t (n — o0) in the weak topology

of [2(£2; [2([0, t]; R%)) under (i) and (ii). We obtain (2) from E[|| DM, 2] < liminf,_ oo E[||DA7I{‘ 1.
Let us prove (3). For w € A, we define 7 := ty. Then 7} — 7%, a.s., and we have

n
DM} = " 14,DXz; = DXy
k=1

where we have defined D)A(f;; = D)A(S ls=zx. Note that, if r = 7, then D,)A(f;; is not well defined, due to the discontinuity; thus

the rigorous meaning of the above equality is that DrI\A/[;1 = Dr)A(f;, r-a.e. with probability 1.
Now let us prove that

d
E /ZD’X w1 dr —>E|: Zbi)?fﬁuf;dr] (4)
0 j=1 0 j=1
for any u € [2(£2; L*([0, t]; R%)). We have

d d
E /ZD’X sl dr —E|: Zm&;ﬂufrdr}=5[/ Z(Dﬁ&;—l){&;)@dr] (5)

0]1 011 0]1

From (iv), we have Derfr;f‘ — D’})A(f;« for r # 7 then Di)?f; — D’,Xft*, r-a.e. with probability 1. As |D’})A(f; - D’})A(ft* 12 <
2 supg;, |D}X;|? and (v), we have

/ Z|D'xf; DjXz+|*dr — 0, a.s.
0

j=1
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Due to E[|D’})A(f; — D{»)A(ft* [?] < 2E[supg<, IDLX;|?] and (v), we have

¢ d
) . s o _
lim E UO ;mxf; — DiXz| :|dr =0.
Then we obtain (4). Since DI\?I{’ converges to DMt weakly in I%(£2; L*([0, t]; RY)) and (4) holds, we have

[/ Z DiXe: D';Mt)u';dr]zo,

for any u € L2(£2;I2([0, t]; RY)). By the fact that M, belongs to D2 and (v), we have {DT)A(%[* — D,M,,r € [0,t]} €
[2(£2; L2([0, t]; RY)). Therefore we have (3) by taking u, = DT)A(f[* - DrI\A/lt, and this finishes the proof. O

Remark 2. In Lemma 2, if we assume that {)A(S, s € [0, t]} is adapted, then we have DT)A(g[* = 0 for almost every r such that

r > ;. Thus, in this case, we can write D Mt = 19,2 (1) Dy Xf—*, r-a.e.

Next, let us prove the differentiability of the solution to (1) in Malliavin sense.

Lemma 3. Assume (A1)-(A3). Then, for s € [0,t]and 1 <i < m, Xsi, Msi belong to D"-2. Moreover, D’rXS' satisfies the following
equation:

DIX! = Al(r, X, M) + / s (AL DX + A Dyt ] dw, + f s [BLaoDIX + B DMy | du, (6)
r r
forr <s,ae.,and
DXl =0, (7)
forr > s, a.e., where Ak, (u), Z\k, (W), By (u), and Bk(u) are uniformly bounded and adapted m-dimensional processes.

Proof. We will use the Picard approximation from Lemma 1, so Xs("), MS(") are the processes constructed by recurrence there.
The proof of this lemma uses the proof of Theorem 2.2.1 of Nualart (2006). We need to extend the proof to an equation with

coefficients which depend on the maximum process. We start by proving that X;n)’i D'2 fors € [0,t],1 < i < m, and

n > 0.If we assume that X' € D2 and E[ [/ SuPy<, IDX™'|2dv] < oo for s € [0, t], then we have M(”)I e D' for
s e [0, t], and

t t m t
E[ / / |U;(A;'<u,><£,”>,Mﬁ”))ﬁdrdu]chE[ / suanxL(,")”‘néds}
0 0 0

k=1 uss
by (2). Therefore we have X" € D2 for s € [0, t], and

S . . ~ : .
Dlrxs(nﬂ),t — Aj{(r’xr(n)’Mr(n)) +/ I:A’(:l).z(u)D;ergn).k_'_Al(:l),!(u)D,rML(ln),k] dWL’l

r

S . X o . )
+ [ (B @ix 4 B wpim ] au.
r

where A,(("l) (v), A(")(u) B (u) and B{"(u) are uniformly bounded and adapted m-dimensional processes. From this
expression, we have

m
> E [sup ||Dx5"+”-"||ﬁ,] <G+ sz ZE [sup | DX ’||H] dv, (8)
0

i=1 Luss u=v

and this implies that M{"™"' € D2 and E[ [y sup,<, ||DX§"+1)‘i||§,dv] < oo fors € [0, t], by Lemma 2.
Due to (8) and Lemma 2, we have sup, E[|[DX\""'|2] < oo and sup, E[|[DM{[|2] < sup, E[sup, IDXM)1] < o0. By
the fact that X' — X/, M{""" — M! in [2(£2) and Lemma 1.2.3 of Nualart (2006), X! and M/ belong to D"2 for s € [0, t].

Moreover, DX\ and DM{""' converge to DX/ and DM/ in the weak topology of L2(£2; I2([0, t]; R%)). Let us prove (6). We
have

t t m t
E[/ / W;(A;‘(u,xu,Mu))Fdrdu}gczf E[IDX{ 117 + IDM;]I7] du < oo
o Jo k=1 70



T. Nakatsu / Statistics and Probability Letters 83 (2013) 2499-2506 2503

by E[IDMX|2] < liminf, . E[IDM{"¥2] < liminf, o E[sup,, IDX{"*||%] and (8). Therefore we have (6), and the
proof is completed. O

Lemma 4. Assume (A1)-A3). Then, for {Xsi, s € [0, t]} and p > 2, we have

E |:/ sup |D£Xlﬂ|pdri| < 00, 9)
0

r<u=<s

and assumptions (i)-(v) of Lemma 2 hold. Moreover, for s € [0, t]andp > 2, X! Msi e DLP.

» gy

Proof. First, let us prove (9) for p = 2. We have

d s m s
E [/ sup |D’rXL',|2dr:| e —I—CZZ/ E [IIDX¥ 11 + IDM¥)1Z ] dv < o0,
j=1 0 k=10

r<u<s
by (6) and (8) and E[|[DMX|%] < liminf, .o E[[DM™*|2] < liminf, . E[sup,, [DX{""|]. This implies that (v)
holds for X'. (i) follows from Lemma 1, and we have (ii) by (9) for p = 2. (iii) holds due to Remark 1, and we have (iv)

by (6) and (7).
Let us prove (9) for p > 2. It suffices to prove that

t m d t u m d
E [/ > sup |D£X§|pdri| <G +c2/ E [/ D sup |D£X§|pdri| du, (10)
0 t 0 0

i=1 j=1 == i=1 j=1 ==t
but we have (10) easily by (3), (6) and (7). From (9), we have Xsi, Msi eD"forse[0,t]andp > 2. O
Now we consider two m x m matrix-valued processes defined by
. . s -— s —
Yi(s) =8 + / LY dw, + / LY wdu, 1<ij<m (11)
0 0
and
. . s . - s . - - -
Zj(s) =8 — / ZiWAS (wdW,, — [ Zp(u) [Bf () — AL ,wAY w]du, 1<ij<m. (12)
0 0
By the argument in Section 2.3 of Nualart (2006), we have Y~1(s) = Z(s). Let us express D’,XSl in terms of Y(s) and Z(s).
Lemma5. Fors € [r,tJand 1 <i<m,1<j<d, D’,XSl satisfies
S S
DiX! = Yi($)ZE (MAK (r) + Yi(s) / ZE WAL (w)DIML AW, + Yi(s) / Z¥ (u) [é;i’ (u) — /_\fi’,;\ff’,(u)] DM'du.  (13)
r r
Proof. We have (13) easily by (6), (11), (12), and It6’s formula. O

Now we prove the absolute continuity of the law of X;, which is the main theorem of this section.

Theorem 1. Assume (A1)-(A3). Then, for t > 0, the law of X, is absolutely continuous with respect to the Lebesgue measure on
R™,

Proof. Let us prove [, |v"D,X;|>dr > 0 for nonzero vector v € R™. By (13), we have

1 d
WDX| = =)
j=1
d

m 2

D uYiOZE (DAY (1)

i=1

N |

r

m t t
> uii ( / ZS (A} ((s)DLMY AW, + / Z8 (9)[BY (s) — AL A% (5)1DLM! ds)
i=1 r

2
+ A (14)

m

Y w0z (A ()

i=1

1 d
= Z
j=1

N |



2504 T. Nakatsu / Statistics and Probability Letters 83 (2013) 2499-2506

By Schwartz’s inequality, Burkholder-Davis-Gundy'’s inequality, and Lemma 4, we have
2
E |: / dri|

< e3CE CE[lY()® ]% [sup |Z(s)|8:| Z (E |:/ sup |D’;XS’/|4dri|>2 < 00
0

= r<s<t
t 2
[—6

Iom t 1
e2CE[lY(®)|* ] [sup |Z(s)|81| Z (E |:/ sup |DiX§l|8dr]) ) < 00.
s<t 0

<u<
= r<us<t

Yi(t) / Z5(5)[Bf () — AX ()A7 (s)IDIM! ds

and

t
Yi(t) / Z§ (s)Ay ()DLM, dW,
r

E[

This shows that % ff_g Ay edr — 0in L1(£2) as & tends to 0. Therefore, there exists {&,}nen such that g, N\ 0(n — oo) and

w

1 t
lim — / Ardr =0, as.
t—en

n—o00 gy

On the other hand, by the continuity of A, we have

d
lim — E
n—oo gy Ji_

&n j=1

2
> 0,

j=1

m .
> vl Xe. Me)

i=1

> uYinZE A ()

i=1

for any nonzero vector v € R™ by (A3). By Lemma 4 and Theorem 2.1.2 of Nualart (2006), the proof is completed. O
3. The absolute continuity of the probability law of (X, M})

In this section, we prove the absolute continuity of the law of (X}, M;’), 1 <i,i < m,inaspecial case. That is:
(A4) A}', 1<i<m,1<1<d,donotdepend on the second space variable,
in addition to (A1)-(A3).
Remark 3. Under (A1)-(A4), A¥ (u) = 0in (13).
Theorem 2. Assume (A1)-(A4). Then, fort > 0and 1 < i,i' < m, the law of (X}, Mj/) is absolutely continuous with respect to
the Lebesgue measure on R2.
Proof. Let vy, v; € R\ {0}. Note that, by Lemmas 2 and 4, for t > 0, we have D’}M;'/ = 1[0 Ti/)(r)D’}Xsi/ |s—rf" For simplicity
o o s Tt =Tt
of notation, we define DX’ v = D’rXS‘ |S_T,-/. First, we assume that v; # 0, v, # 0. By Schwartz’s inequality and the trivial
7 =Tt

inequality a*> + b?> > 2ab, a, b € R, we have

t 1yi dyi \ |2
DX ---DX
/ (Ul»vz)< A d ri’) dr
0 D!M! .. DiM;
d . 7 d S i d o,
/ 3" DX fdr +2 / 3 viDiXus DX dr + / 3 [0aDiX, [
0 j=1 0 j=1 t 0 j=1 t

1
4 d 2 4 d J d
t i vig2 t ivi 2 ! ii 12
/12:|U1D’X|dr 2(/0 Z|v1[yrx[| dr) (/0 ;lsz’,Xrg/ldr> +f0 ;|u2mxrg,|dr

j=1

d d
> 2 ( Z |v1dxg|2dr> (/ Z Isz'X’,,I dr)
(U 0 j=1
1

—2(/ Z|U1D’X|dr) (/ szD'x )



T. Nakatsu / Statistics and Probability Letters 83 (2013) 2499-2506 2505

AN e N e
=2 | v2|</ Z|D’rx;.,|2dr) </ Z|Dfrx;|zdr) _</ Z|D’rxt'|zdr> . (15)
0 =1 t 0 j=1 0 =1

By (A4) and the same calculation as in the proof of Theorem 1, we can prove that there exist {s,';}neN and {aﬂ }nen such that

N|—

R Y N 1
lim — [ > IDIX;dr > o 1A X (16)
j=1

i i
N0 &n Jr—g], =1

and

R T S, I 5
im < [ >0t > 2 WX P a7)
= ]:

almost surely. As t > 7/, there exists N’ € N such that

t d i d
L £ ;
/ S Dixidr = 3 Al Xl
t—en j=1 2 j=1

i
1 o
t i d

T d I s 7
iyi 12 i i 2
/., S D IDIXY Pdr = 23 DI X )P
=gt =1 t !

t j=1
. oy
1 1
t—e,>1,,

for any n > N’, almost surely. This implies that the right-hand side of (15) is strictly positive for any v € R? such that
v1 # 0, vy # 0.Second, when v; = 0 or v, = 0, we have

t 1yi dyi
DX, ---D.X
/ (v1, UZ)( ]r i; E tl")
0 D, M; ---D;M;
by (16) and (17). This finishes the proof. O

2
dr > 0, a.s.

Remark 4. The general 2m-dimensional study of the law of (X!, ..., X™, M}, ..., M™) does not follow with the arguments
presented here, due to the particular structure used in the calculation of (15).

Corollary 1. Under (A1)-(A4), by the same calculation as that in Theorem 2, for t > O and 1 < i # i < m, we can prove the
absolute continuity of the law of (M, M!) conditioned by the set {t; # t['}.

Now, we give an example for Al and A] that {t/ # 7/} holds, as.
Example 1. Foreach k = i, 7, let {XX, s € [0, t]} satisfy
S
xk=x+ f B*(u, Xy, My)du + AAWE,
0

) S
where Af is a nonzero constant. Then 7/ # 7/, a.s.

Proof. By Girsanov’s theorem, the independence of Brownian motions, and the explicit density function for ¥, k = i, i
(Problem 8.17 in Chapter 2 of Karatzas and Shreve (1991)), we obtain the existence of the density function for rti — r["/. Then
wehave P(z/ = 7/) =0. O

4. A concluding remark

In this article, we have proved the absolute continuity of the laws of X; and (X!, Mf/) with Lipschitz continuous coefficients
under some additional assumptions. We end this article with some remarks on the law of the maximum of processes. There
are some theoretical and applicable results about the law of the maximum of continuous processes. In Nualart (2006), the
smoothness of the density function of the maximum of a Wiener sheet is proved. In Gobet and Kohatsu-Higa (2003), the
authors derived some integration by parts formulas involving the maximum and minimum of a one-dimensional diffusion
to compute the sensitivities of the price of financial products with respect to market parameters called Greeks. Recently,
the smoothness of the density function of the joint law of a multi-dimensional diffusion at the time when a component
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attains its maximum was proved in Hayashi and Kohatsu-Higa (2013). In these articles, Garsia—-Rodemich-Rumsey’s lemma
(Lemma A.3.1 of Nualart (2006)) plays an important role in obtaining the results. A more recent article, Yue and Zhang
(in press), showed that the laws of a perturbed SDE and a perturbed reflected SDE are absolutely continuous with respect
to the Lebesgue measure on R.
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